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High-fidelity simulation

 2

computa4onal	barrier

+ Indispensable	across	science	and	engineering	
- High	fidelity:	extreme-scale	nonlinear	dynamical	system	models
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High-fidelity simulation: captive carry

๏ explore	flight	
envelope

๏ quanGfy	effects	of	
uncertainGes	on	store	load

๏ robust	design	of	
store	and	cavity

computa4onal	barrier

Many-query problems

+Validated	and	predic(ve:	matches	wind-tunnel	experiments	to	within	5%	
- Extreme-scale:	100	million	cells,	200,000	Gme	steps	
- High	simula(on	costs:	6	weeks,	5000	cores

 3
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Approach: exploit simulation data

�4

Idea:	exploit	simula(on	data	collected	at	a	few	points

D

1. Training:	Solve	ODE	for																							and	collect	simulaGon	data	
2. Machine	learning:	IdenGfy	structure	in	data
3. Reduc(on:	Reduce	cost	of	ODE	solve	for

Many-query	problem:	solve	ODE	for	µ 2 Dquery

µ 2 Dtraining

µ 2 Dquery \ Dtraining

ODE:
dx
dt

= f(x; t,µ), x(0,µ) = x0(µ), t 2 [0,Tfinal], µ 2 D
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Model reduction criteria

1. Accuracy:	achieves	less	than	1%	error

2. Low	cost:	achieves	at	least	100x	computaGonal	savings

3. Structure	preserva;on:	preserves	important	physical	properGes

4. Reliability:	guaranteed	saGsfacGon	of	any	error	tolerance	(fail	safe)

5. Cer;fica;on:	quanGfies	ROM-induced	epistemic	uncertainty

�5
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Model reduction: previous state of the art
Linear	4me-invariant	systems:	mature	[Antoulas,	2005]	
‣ Balanced	truncaGon	[Moore,	1981;	Willcox	and	Peraire,	2002;	Rowley,	2005]	
‣ Transfer-funcGon	interpolaGon	[Bai,	2002;	Freund,	2003;	Gallivan	et	al,	2004;	Baur	et	al.,	2001]	
+ Accurate,	reliable,	cer(fied:	sharp	a	priori	error	bounds	
+ Inexpensive:	pre-assemble	operators	
+ Structure	preserva(on:	guaranteed	stability

Ellip4c/parabolic	PDEs:	mature	[Prud’Homme	et	al.,	2001;	Barrault	et	al.,	2004;	Rozza	et	al.,	2008]	

‣ Reduced-basis	method	
+ Accurate,	reliable,	cer(fied:	sharp	a	priori	error	bounds,	convergence	
+ Inexpensive:	pre-assemble	operators	
+ Structure	preserva(on:	preserve	operator	properGes
Nonlinear	dynamical	systems:	ineffecGve	
‣ Proper	orthogonal	decomposiGon	(POD)–Galerkin	[Sirovich,	1987]	
- Inaccurate,	unreliable:	ogen	unstable	
- Not	cer(fied:	error	bounds	grow	exponenGally	in	Gme		
- Expensive:	projecGon	insufficient	for	speedup	
- Structure	not	preserved:	dynamical-system	properGes	ignored

�6
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Our research

Accurate,	low-cost,	structure-preserving,	
reliable,	cer;fied	nonlinear	model	reduc;on

‣ accuracy:	LSPG	projecGon	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	AnGl,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	CorGal,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
[C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2017]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2017]	

‣ reliability:	adapGvity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	

[Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2017]

 7
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Our research
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Accurate,	low-cost,	structure-preserving,	
reliable,	cer;fied	nonlinear	model	reduc;on

‣ accuracy:	LSPG	projecGon	[C.,	Bou-Mosleh,	Farhat,	2011*;	C.,	Barone,	AnGl,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	CorGal,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
[C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2017]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2017]	

‣ reliability:	adapGvity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	

[Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2017]

Collaborators:		
‣ Malhew	Barone	(Sandia)	
‣ Harbir	AnGl	(GMU)

			
‣ Charbel	Farhat	(Stanford	University)	
‣ Julien	CorGal	(Stanford	University)
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1. Training:	Solve	ODE	for																							and	collect	simulaGon	data		
2. Machine	learning:	IdenGfy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

µ 2 Dtraining

Training simulations: state tensor

 9

dx
dt

= f(x; t,µ)ODE:

µ 2 Dquery \ Dtraining
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dx
dt

= f(x; t,µ)ODE:

µ 2 Dquery \ Dtraining

DX =
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1. Training:	Solve	ODE	for																							and	collect	simulaGon	data		
2. Machine	learning:	IdenGfy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

Tensor decomposition

�10

dx
dt

= f(x; t,µ)ODE:

Compute	dominant	leR	singular	vectors	of	mode-1	unfolding

µ 2 Dtraining

µ 2 Dquery \ Dtraining

X(1) = = U ⌃ VTX =
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1. Training:	Solve	ODE	for																							and	collect	simulaGon	data		
2. Machine	learning:	IdenGfy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

Tensor decomposition

�10

dx
dt

= f(x; t,µ)ODE:

Compute	dominant	leR	singular	vectors	of	mode-1	unfolding

columns	are	principal	components	of	the	spa(al	simula(on	data�

How	to	integrate	these	data	with	the	computa;onal	model?

µ 2 Dtraining

µ 2 Dquery \ Dtraining

X(1) = = U ⌃ VT�X =
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Previous state of the art: POD–Galerkin

1. Training:	Solve	ODE	for																							and	collect	simulaGon	data		
2. Machine	learning:	IdenGfy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

µ 2 Dtraining

µ 2 Dquery \ Dtraining

dx
dt

= f(x; t,µ)ODE:

1. Reduce	the	number	of	unknowns 2. Reduce	the	number	of	equaGons

D

DGalerkin	ODE:
d x̂
dt

= �T f(�x̂; t,µ)

d x̂
dt

) = 0

((�T (f(�x̂; t,µ)��x(t) ⇡ x̃(t) = � x̂(t)

 11
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Captive carry

 12

V1

‣ Unsteady	Navier–Stokes ‣ Re	=	6.3	x	106 ‣ M∞	=	0.6

Spa4al	discre4za4on	
‣ 2nd-order	finite	volume	
‣ DES	turbulence	model	
‣ 																	degrees	of	freedom1.2⇥ 106

Temporal	discre4za4on	
‣ 2nd-order	BDF	
‣ Verified	Gme	step		
‣ 																	Gme	instances

�t = 1.5⇥ 10�3

8.3⇥ 103
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High-fidelity model solution

�13

vor(city	field

pressure	field

Kevin	CarlbergAdvances	in	nonlinear	model	reduc4on
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Principal components
x(t) ⇡ � x̂(t)

�1

�401

�21

�101

�14
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Galerkin performance

�15

probe

Can	we	construct	a	beEer	projec;on?
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- Galerkin	projec(on	fails	regardless	of	basis	dimension
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Galerkin: time-continuous optimality
ODE Galerkin	ODE

d x̂
dt

= �T f(�x̂; t,µ)

+ Time-con(nuous	Galerkin	solu(on:	opGmal	in	the	minimum-residual	sense:

d x̂
dt

= �T f(�x̂; t,µ)��

- Time-discrete	Galerkin	solu(on:	not	generally	opGmal	in	any	sense

dx
dt

= f(x; t) f(�x̂; t)

O∆E Galerkin	O∆E

rn(x) := ↵0x��t�0f(x; t
n) +

kX

j=1

↵jx
n�j ��t

kX

j=1

�j f(x
n�j ; tn�j)

rn(xn) = 0, n = 1, ... ,Nn = 1, ... ,T �T rn(�x̂n) = 0, n = 1, ... ,Nn = 1, ... ,T

�16

r(v, x; t) := v � f(x; t)

�
d x̂
dt

(x, t) = argmin
v2range(�)

kr(v, x; t)k2
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Residual minimization and time discretization

ODE
residual	

minimiza(on

(me	
discre(za(on

dx
dt

= f(x; t)

Galerkin	ODE
�
d x̂
dt

(x, t) = argmin
v2range(�)

kr(v, x; t)k2

,  n(x̂n)T rn(�x̂n) = 0�x̂n = argmin
v2range(�)

kArn(v)k2

 n(x̂n) := ATA(↵0I��t�0
@f
@x

(�x̂n; t))�

Least-squares	Petrov–Galerkin	(LSPG)	projec(on

residual	
minimiza(on

LSPG	O∆E
�x̂n = argmin

v2range(�)
kArn(v)k2

[C.,	Bou-Mosleh,	Farhat,	2011]

n = 1, ... ,T

(me	
discre(za(on

O∆E
rn(xn) = 0
n = 1, ... ,T

Galerkin	O∆E
�T rn(�x̂n) = 0
n = 1, ... ,T

�17
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Discrete-time error bound 

�18

Theorem	[C.,	Barone,	AnGl,	2017]

If	the	following	condiGons	hold:	
1.													is	Lipschitz	conGnuous	with	Lipschitz	constant	
2.	The	Gme	step								is	small	enough	such	that																																											,	
3.	A	backward	differenGaGon	formula	(BDF)	Gme	integrator	is	used,	
4.	LSPG	employs												,	then	

f(·; t) 

0 < h := |↵0|� |�0|�t�t

+ LSPG	sequen(ally	minimizes	the	error	bound

A = I

kxn ��x̂nGk2 
1

h
krnG(�x̂nG)k2+

1

h

kX

`=1

|↵`|kxn�` ��x̂n�`
G k2

kxn ��x̂nLSPGk2 
1

h
min
v̂

krnLSPG(�v̂)k2+
1

h

kX

`=1

|↵`|kxn�` ��x̂n�`
LSPGk2
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LSPG performance

�19
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+ LSPG	is	far	more	accurate	than	Galerkin



/38

Kevin	CarlbergAdvances	in	nonlinear	model	reduc4on

Our research

�20

Accurate,	low-cost,	structure-preserving,	
reliable,	cer;fied	nonlinear	model	reduc;on

‣ accuracy:	LSPG	projecGon	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	AnGl,	2017]	
‣ low	cost:	sample	mesh	[C.,	Farhat,	CorGal,	Amsallem,	2013*]	

‣ low	cost:	reduce	temporal	complexity	
[C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2017]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2017]	

‣ reliability:	adapGvity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	

[Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2017]
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Wall-time problem

�21
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‣ High-fidelity	simula(on:	1	hour,	48	cores
‣ Fastest	LSPG	simula(on:	1.3	hours,	48	cores

Why	does	this	occur?	
Can	we	fix	it?
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1. Training:	collect	residual	tensor									while	solving	ODE	for	
2.Machine	learning:	compute	residual	PCA						and	sampling	matrix
3. Reduc4on:	compute	regression	approximaGon

Cost reduction by gappy PCA [Everson and Sirovich, 1995]

minimize
v̂

k A rn( � v̂)k2

k2
Can	we	select						to	make	this	less	expensive?A

� v̂)k2

rn ⇡ r̃n = �r(P�r)
+Prn

�r P
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1. Training:	collect	residual	tensor									while	solving	ODE	for	
2.Machine	learning:	compute	residual	PCA						and	sampling	matrix
3. Reduc4on:	compute	regression	approximaGon

Cost reduction by gappy PCA [Everson and Sirovich, 1995]

minimize
v̂

k A rn( � v̂)k2

k2
Can	we	select						to	make	this	less	expensive?A

rn( � v̂)k2 + Only	a	few	elements		
of	d		must	be	computedrn

rn ⇡ r̃n = �r(P�r)
+Prn

�r P
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Sample mesh [C., Farhat, Cortial, Amsallem, 2013]

vor(city	field pressure	field

LSPG	ROM	with	

32	min,	2	cores

+229x	savings	in	core–hours	
+<	1%	error	in	(me-averaged	drag

+HPC	on	a	laptop

sample	
mesh

minimize
v̂

k(P�r)
+Prn(�v̂)k2

A = (P�r)
+P

Prn|{z}
A

high-fidelity	
5	hours,	48	cores

Implemented	in	three	computa;onal-mechanics	codes	at	Sandia
�23
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Ahmed body [Ahmed, Ramm, Faitin, 1984]

 24

V1

‣ Unsteady	Navier–Stokes ‣ Re	=	4.3	x	106 ‣ M∞	=	0.175

Spa4al	discre4za4on	
‣ 2nd-order	finite	volume	
‣ DES	turbulence	model	
‣ 																	degrees	of	freedom

Temporal	discre4za4on	
‣ 2nd-order	BDF	
‣ Time	step		
‣ 																	Gme	instances

�t = 8⇥ 10�5s

1.7⇥ 107 1.3⇥ 103
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Ahmed body results [C., Farhat, Cortial, Amsallem, 2013]

 25

pressure		
field

+438x	savings	in	core–hours

+HPC	on	a	laptop
sample	
mesh

high-fidelity	model	
13	hours,	512	cores

LSPG	ROM	with A = (P�r)
+P

4	hours,	4	cores

+ Largest	nonlinear	dynamical	system	on	which	ROM	has	ever	had	success
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Our research

 26

Accurate,	low-cost,	structure-preserving,	
reliable,	cer;fied	nonlinear	model	reduc;on

‣ accuracy:	LSPG	projecGon	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	AnGl,	2017]	
‣ low	cost:	sample	mesh	[C.,	Farhat,	CorGal,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
[C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2017]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2017]	

‣ reliability:	adapGvity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	

[Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2017]
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Our research

Accurate,	low-cost,	structure-preserving,	
reliable,	cer;fied	nonlinear	model	reduc;on

‣ accuracy:	LSPG	projecGon	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	AnGl,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	CorGal,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
[C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2017]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.	and	Choi,	2017]	

‣ reliability:	adapGvity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	

[Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2018]

�29

Collaborators:		
‣ MarGn	Drohmann	(formerly	Sandia)	
‣ Wayne	Uy	(Cornell	University)	
‣ Fei	Lu	(Johns	Hopkins	University)

			
‣ Malhias	Morzfeld	(U	of	Arizona)	
‣ Brian	Freno	(Sandia)
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Surrogate modeling in UQ

�30

outputsinputs µ surrogate	model qsurr

‣ surrogate	noise	model:		
‣ surrogate	likelihood:		
- inconsistent	with	HFM	noise	model

qmeas = qsurr(µ) + "

⇡surr(qmeas |µ) = ⇡"(qmeas � qsurr(µ))

⇡"(·)
‣ high-fidelity-model	(HFM)	noise	model:	
‣ measurement	noise					has	probability	distribuGon	
‣ HFM	likelihood:

"

outputsinputs µ high-fidelity	model q
HFM

q
meas

= q
HFM

(µ) + "

⇡HFM(qmeas
|µ) = ⇡"(qmeas

� q
HFM

(µ))
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Surrogate modeling in UQ

�31

q
HFM

(µ) = q
surr

(µ) + �(µ)

‣ HFM	noise	model:	

‣ HFM	likelihood: ⇡HFM(qmeas
|µ) = ⇡"(qmeas

� q
HFM

(µ))

= ⇡"(qmeas
� q

surr
(µ)� �(µ))

q
meas

= q
HFM

(µ) + "

= q
surr

(µ) + �(µ) + "

+ equivalent	to	HFM	formulaGon	
+ not	pracGcal:	the	(determinisGc)	error										is	generally	unknown�(µ)

How	can	we	account	for	the	error										in	a	manner	that	is	
consistent	and	prac;cal?

�(µ)
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Surrogate modeling in UQ

�32

q
HFM

(µ) = q
surr

(µ) + �(µ)

Approach:	sta(s(cal	model												for	the	error	that	models	its	uncertainty�̃(µ)

q̃
HFM

(µ)| {z }
stochastic

= q
surr

(µ)| {z }
deterministic

+ �̃(µ)|{z}
stochastic

‣ staGsGcal	HFM	noise	model: q
meas

= q̃
HFM

(µ) + "

= q
surr

(µ) + �̃(µ) + "

+ consistent	with	HFM	noise	model	
+ pracGcal	if	the	staGsGcal	error	model					is	computable

⇡]HFM(qmeas
|µ) = ⇡"+�̃(qmeas

� q
surr

(µ))‣ stochasGc	HFM	likelihood:

�̃

Desired	proper4es	in	sta4s4cal	error	model	
1.	cheaply	computable:	similar	cost	to	evaluaGng	the	surrogate	
2.	low	variance:	introduces	lille	epistemic	uncertainty	
3. 	generalizable:	correctly	models	the	error

�̃(µ)

How	can	we	construct	a	sta;s;cal	error	model	for	reduced-order	models?
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Approximate-solution surrogate models

�33

r(x(µ);µ) = 0
<latexit sha1_base64="t1vvd/XPojOY0yVN3uB39k9YovM="></latexit><latexit sha1_base64="t1vvd/XPojOY0yVN3uB39k9YovM="></latexit><latexit sha1_base64="t1vvd/XPojOY0yVN3uB39k9YovM="></latexit><latexit sha1_base64="t1vvd/XPojOY0yVN3uB39k9YovM="></latexit>

High-fidelity	model	
‣ governing	equaGons:	
‣ quanGty	of	interest:		

Types	of	approximate	solu4ons	
‣ Reduced-order	model:	

‣ Low-fidelity	model:			

‣ Inexact	solu(on:	compute																																	such	that

rLF(xLF;µ) = 0, x̃ = p(xLF)
<latexit sha1_base64="hcF8sa3hvaquhsoiV7TN+x2EoNA="></latexit><latexit sha1_base64="hcF8sa3hvaquhsoiV7TN+x2EoNA="></latexit><latexit sha1_base64="hcF8sa3hvaquhsoiV7TN+x2EoNA="></latexit><latexit sha1_base64="hcF8sa3hvaquhsoiV7TN+x2EoNA="></latexit>

 T r(�x̂;µ) = 0, x̃ = �x̂
<latexit sha1_base64="U/zmtbfqo4FtfaeSO9aHggvUZtI="></latexit><latexit sha1_base64="U/zmtbfqo4FtfaeSO9aHggvUZtI="></latexit><latexit sha1_base64="U/zmtbfqo4FtfaeSO9aHggvUZtI="></latexit><latexit sha1_base64="U/zmtbfqo4FtfaeSO9aHggvUZtI="></latexit>

x(k), k = 1, ... ,K
<latexit sha1_base64="8ccsC6c9nhruSFkqXoKloXXnwB8="></latexit><latexit sha1_base64="8ccsC6c9nhruSFkqXoKloXXnwB8="></latexit><latexit sha1_base64="8ccsC6c9nhruSFkqXoKloXXnwB8="></latexit><latexit sha1_base64="8ccsC6c9nhruSFkqXoKloXXnwB8="></latexit>

kr(x(K);µ) = 0k2  ✏, x̃ = x(K)
<latexit sha1_base64="kFvNFj5ma7YaH2lYF9uwiDGKT+M="></latexit><latexit sha1_base64="kFvNFj5ma7YaH2lYF9uwiDGKT+M="></latexit><latexit sha1_base64="kFvNFj5ma7YaH2lYF9uwiDGKT+M="></latexit><latexit sha1_base64="kFvNFj5ma7YaH2lYF9uwiDGKT+M="></latexit>

Approximate-solu4on	surrogate	model	
‣ approximate	soluGon:	
‣ quanGty	of	interest:		

x̃(µ) ⇡ x(µ)
<latexit sha1_base64="edDnQ0cZnOjRFS65DmyqBLD50GI="></latexit><latexit sha1_base64="edDnQ0cZnOjRFS65DmyqBLD50GI="></latexit><latexit sha1_base64="edDnQ0cZnOjRFS65DmyqBLD50GI="></latexit><latexit sha1_base64="edDnQ0cZnOjRFS65DmyqBLD50GI="></latexit>

qsurr(µ) := q(x̃(µ))
<latexit sha1_base64="zTRZMTGFJ92X9lUZISIqQsdoS7o="></latexit><latexit sha1_base64="zTRZMTGFJ92X9lUZISIqQsdoS7o="></latexit><latexit sha1_base64="zTRZMTGFJ92X9lUZISIqQsdoS7o="></latexit><latexit sha1_base64="zTRZMTGFJ92X9lUZISIqQsdoS7o="></latexit>

qHFM(µ) := q(x(µ))
<latexit sha1_base64="r8IjapWh5B5kCrVgJEGhzhWJhJU="></latexit><latexit sha1_base64="bClSsEPSi/HvyKilzNm5jWg6e0c="></latexit><latexit sha1_base64="bClSsEPSi/HvyKilzNm5jWg6e0c="></latexit><latexit sha1_base64="LUO+4ylXlKsn4HwW0h98Z/4lsIs="></latexit>

What	methods	exist	for	quan;fying	the	error																																																?�(µ) := qHFM(µ)� qsurr(µ)
<latexit sha1_base64="q8GGygwr4U3vrntFQGZWHS1QHh4="></latexit><latexit sha1_base64="j9Gr5SXym5PMoaJvRcbZUISnfq8="></latexit><latexit sha1_base64="j9Gr5SXym5PMoaJvRcbZUISnfq8="></latexit><latexit sha1_base64="jW8Jc2+gWTnhai1kZh9jY6SJQ58="></latexit>



/38

Kevin	CarlbergAdvances	in	nonlinear	model	reduc4on

1) Error indicators: residual norm

�34

‣ Applica(ons:	terminaGon	criterion,	greedy	methods,	trust	regions	
[Bui-Thanh	et	al.,	2008;	Hine	and	Kunkel,	2012;	Wu	and	Hetmaniuk,	2015;	Zahr,	2016]	

+ Informa(ve:	zero	for	high-fidelity	model	
- Determinis(c:	not	a	staGsGcal	error	model	
- Low	quality:	relaGonship	to	error	depends	on	condiGoning

kr(x̃;µ)k2
<latexit sha1_base64="4xG3vNfh82lzjstnn3kkP3ZKjj8="></latexit><latexit sha1_base64="4xG3vNfh82lzjstnn3kkP3ZKjj8="></latexit><latexit sha1_base64="4xG3vNfh82lzjstnn3kkP3ZKjj8="></latexit><latexit sha1_base64="4xG3vNfh82lzjstnn3kkP3ZKjj8="></latexit>

‣ SubsGtute	(2)	into	the	residual	of	(1)	and	take	the	norm:

r(x(µ);µ) = 0
<latexit sha1_base64="t1vvd/XPojOY0yVN3uB39k9YovM="></latexit><latexit sha1_base64="t1vvd/XPojOY0yVN3uB39k9YovM="></latexit><latexit sha1_base64="t1vvd/XPojOY0yVN3uB39k9YovM="></latexit><latexit sha1_base64="t1vvd/XPojOY0yVN3uB39k9YovM="></latexit>

x̃(µ) ⇡ x(µ)
<latexit sha1_base64="edDnQ0cZnOjRFS65DmyqBLD50GI="></latexit><latexit sha1_base64="edDnQ0cZnOjRFS65DmyqBLD50GI="></latexit><latexit sha1_base64="edDnQ0cZnOjRFS65DmyqBLD50GI="></latexit><latexit sha1_base64="edDnQ0cZnOjRFS65DmyqBLD50GI="></latexit>

‣ HFM	governing	equaGons:

‣ Approximate	soluGon:

(1)

(2)
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1) Error indicators: dual-weighted residual

�35

‣ Solve	for	the	error
(2)x� x̃ = �[

@r
@x

(x̃)]�1r(x̃) + O(kx� x̃k2)
<latexit sha1_base64="KBzCXFVLKTOEzSQkYuz9o92SEoQ="></latexit><latexit sha1_base64="KBzCXFVLKTOEzSQkYuz9o92SEoQ="></latexit><latexit sha1_base64="KBzCXFVLKTOEzSQkYuz9o92SEoQ="></latexit><latexit sha1_base64="KBzCXFVLKTOEzSQkYuz9o92SEoQ="></latexit>

‣ Applica(ons:	adapGve	mesh	refinement		
[Babuska	and	Miller,	1984;	Becker	and	Rannacher,	1996;	Rannacher,	1999;	Vendit	and	Darmofal,	2000;	Fidkowski,	2007]	

+ Accurate:	second-order-accurate	approximaGon	
- Determinis(c:	not	a	staGsGcal	error	model

‣ Approximate	HFM	residual	to	first	order

0 = r(x) = r(x̃) +
@r
@x

(x̃)(x� x̃) + O(kx� x̃k2)
<latexit sha1_base64="8RmWAL58nuwo1uqgnCFvJfbMOu4="></latexit><latexit sha1_base64="8RmWAL58nuwo1uqgnCFvJfbMOu4="></latexit><latexit sha1_base64="8RmWAL58nuwo1uqgnCFvJfbMOu4="></latexit><latexit sha1_base64="8RmWAL58nuwo1uqgnCFvJfbMOu4="></latexit>

‣ Approximate	HFM	quanGty	of	interest	to	first	order

(1)q(x) = q(x̃) +
@q

@x
(x̃)(x� x̃) + O(kx� x̃k2)

<latexit sha1_base64="mPtunK8LXROYXkgXKhv3XTL5iYY="></latexit><latexit sha1_base64="mPtunK8LXROYXkgXKhv3XTL5iYY="></latexit><latexit sha1_base64="mPtunK8LXROYXkgXKhv3XTL5iYY="></latexit><latexit sha1_base64="mPtunK8LXROYXkgXKhv3XTL5iYY="></latexit>

‣ SubsGtute	(2)	in	(1): q(x)� q(x̃) = yT r(x̃) + O(kx� x̃k2)
<latexit sha1_base64="ziI/bOPRpBr5wTHv4uokdHeR+rA="></latexit><latexit sha1_base64="ziI/bOPRpBr5wTHv4uokdHeR+rA="></latexit><latexit sha1_base64="ziI/bOPRpBr5wTHv4uokdHeR+rA="></latexit><latexit sha1_base64="ziI/bOPRpBr5wTHv4uokdHeR+rA="></latexit>

@r
@x

(x̃)Ty = �@q

@x
(x̃)T

<latexit sha1_base64="DA/6Eas9a92dzgUMSIiWui7lJgs="></latexit><latexit sha1_base64="o3vxFqLJSv8I6puYLSOT7u9l9Hc="></latexit><latexit sha1_base64="o3vxFqLJSv8I6puYLSOT7u9l9Hc="></latexit><latexit sha1_base64="tBaXwJzrfy0at4t4IEy1kQVKyYY="></latexit>
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2) Rigorous a posteriori error bound

�36

Proposi4on

If	the	following	condiGons	hold:	
1.													is	inf–sup	stable,	i.e.,	for	all												,	there	exists																			s.t.	
				

2.									is	Lipschitz	conGnuous,	i.e.,	there	exits													such	that																					

	then	the	quanGty-of-interest	error	can	be	bounded	as

r(·;µ)
<latexit sha1_base64="NO7HaJB4RtkMbUPfag3bUXjssNs="></latexit><latexit sha1_base64="NO7HaJB4RtkMbUPfag3bUXjssNs="></latexit><latexit sha1_base64="NO7HaJB4RtkMbUPfag3bUXjssNs="></latexit><latexit sha1_base64="NO7HaJB4RtkMbUPfag3bUXjssNs="></latexit>

µ 2 D
<latexit sha1_base64="8ngsVhJumVyxt51asezAd56Tyv0="></latexit><latexit sha1_base64="8ngsVhJumVyxt51asezAd56Tyv0="></latexit><latexit sha1_base64="8ngsVhJumVyxt51asezAd56Tyv0="></latexit><latexit sha1_base64="8ngsVhJumVyxt51asezAd56Tyv0="></latexit>

↵(µ) > 0
<latexit sha1_base64="sXnUH1UouUBoypfGagYs1u89ibQ="></latexit><latexit sha1_base64="sXnUH1UouUBoypfGagYs1u89ibQ="></latexit><latexit sha1_base64="sXnUH1UouUBoypfGagYs1u89ibQ="></latexit><latexit sha1_base64="sXnUH1UouUBoypfGagYs1u89ibQ="></latexit>

q(·)
<latexit sha1_base64="3Fv3RoVQeCeVsWV+eoGM+WyWJCU="></latexit><latexit sha1_base64="3Fv3RoVQeCeVsWV+eoGM+WyWJCU="></latexit><latexit sha1_base64="3Fv3RoVQeCeVsWV+eoGM+WyWJCU="></latexit><latexit sha1_base64="3Fv3RoVQeCeVsWV+eoGM+WyWJCU="></latexit>

� > 0
<latexit sha1_base64="WC3tOUKlAk/0cB+HhzUYg2NiRJA="></latexit><latexit sha1_base64="WC3tOUKlAk/0cB+HhzUYg2NiRJA="></latexit><latexit sha1_base64="WC3tOUKlAk/0cB+HhzUYg2NiRJA="></latexit><latexit sha1_base64="WC3tOUKlAk/0cB+HhzUYg2NiRJA="></latexit>

|q(x)� q(x̃)|  �

↵
kr(x̃;µ)k2

<latexit sha1_base64="/Dl12MVZttZSQNIbA+cKmgX6lVM="></latexit><latexit sha1_base64="/Dl12MVZttZSQNIbA+cKmgX6lVM="></latexit><latexit sha1_base64="/Dl12MVZttZSQNIbA+cKmgX6lVM="></latexit><latexit sha1_base64="/Dl12MVZttZSQNIbA+cKmgX6lVM="></latexit>

‣ Applica(ons:	reduced-order	models	
[Rathinam	and	Petzold,	2003;	Grepl	and	Patera,	2005;	Antoulas,	2005;	Hinze	and	Volkwein,	2005;	C.	et	al.,	2017]	

+ Cer(fica(on:	guaranteed	bound	
- Lack	sharpness:	orders-of-magnitude	overesGmaGon	
- Difficult	to	implement:	require	bounds	for	inf–sup/Lipschitz	constants	
- Determinis(c:	not	a	staGsGcal	error	model	
-

kr(z1;µ)� r(z2;µ)k2 � ↵(µ)kz1 � z2k2, 8z1, z2 2 RN
<latexit sha1_base64="aHsXAe2nCJFfQ8sl8QjlynLCo3w="></latexit><latexit sha1_base64="aHsXAe2nCJFfQ8sl8QjlynLCo3w="></latexit><latexit sha1_base64="aHsXAe2nCJFfQ8sl8QjlynLCo3w="></latexit><latexit sha1_base64="aHsXAe2nCJFfQ8sl8QjlynLCo3w="></latexit>

|q(z1)� q(z2)|  �kz1 � z2k2, 8z1, z2 2 RN
<latexit sha1_base64="bVSFx2+HzO4Y1nr+0I2AC/k65+k="></latexit><latexit sha1_base64="bVSFx2+HzO4Y1nr+0I2AC/k65+k="></latexit><latexit sha1_base64="bVSFx2+HzO4Y1nr+0I2AC/k65+k="></latexit><latexit sha1_base64="bVSFx2+HzO4Y1nr+0I2AC/k65+k="></latexit>
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3) Model-discrepancy approach

‣ Applica(ons:	
‣ Model	calibraGon	[Kennedy,	O’Hagan,	2001;	Higdon	et	al.,	2003;	Higdon	et	al.,	2004]	
‣ MulGfidelity	opGmizaGon	[Gano	et	al.,	2005;	Huang	et	al.,	2006;	March,	Willcox,	2012;	Ng,	Eldred,	2012]	

+ General:	applicable	to	any	surrogate	model	
+ Sta(s(cal:	interpretable	as	a	staGsGcal	error	model	
+ Epistemic	uncertainty	quan(fied:	through	variance	
- Poorly	informa(ve	inputs:	parameters						weakly	related	to	the	error	
- Poor	scalability:	difficult	in	high-dimensional	parameter	spaces	
- Thus,	can	introduce	large	epistemic	uncertainty:	large	variance

µ
<latexit sha1_base64="RUCsWmzViRRpJTBbC/Ak3Hu5KpQ="></latexit><latexit sha1_base64="MLJMRnPkYPlXHRTLKYc1dM1o1gw="></latexit><latexit sha1_base64="MLJMRnPkYPlXHRTLKYc1dM1o1gw="></latexit><latexit sha1_base64="2Vo3w0PmTxlux5l0MXgiT8pHC0E="></latexit>
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<latexit sha1_base64="+dEK4DwuTqbUh1zw5Peof32SZXo="></latexit><latexit sha1_base64="+dEK4DwuTqbUh1zw5Peof32SZXo="></latexit><latexit sha1_base64="+dEK4DwuTqbUh1zw5Peof32SZXo="></latexit><latexit sha1_base64="+dEK4DwuTqbUh1zw5Peof32SZXo="></latexit>

qsurr
<latexit sha1_base64="2H+/2yYpJk/Llo7+3bznwnGLstk="></latexit><latexit sha1_base64="2H+/2yYpJk/Llo7+3bznwnGLstk="></latexit><latexit sha1_base64="2H+/2yYpJk/Llo7+3bznwnGLstk="></latexit><latexit sha1_base64="2H+/2yYpJk/Llo7+3bznwnGLstk="></latexit>
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parameter µ
<latexit sha1_base64="2sczxcbbpT+otDOMZXZIjPGdwTM="></latexit><latexit sha1_base64="2sczxcbbpT+otDOMZXZIjPGdwTM="></latexit><latexit sha1_base64="2sczxcbbpT+otDOMZXZIjPGdwTM="></latexit><latexit sha1_base64="2sczxcbbpT+otDOMZXZIjPGdwTM="></latexit>

� = qHFM � qsurr
<latexit sha1_base64="gKaU4VOrV9+2Ym09McJ0nU/o5ZM="></latexit><latexit sha1_base64="gKaU4VOrV9+2Ym09McJ0nU/o5ZM="></latexit><latexit sha1_base64="gKaU4VOrV9+2Ym09McJ0nU/o5ZM="></latexit><latexit sha1_base64="gKaU4VOrV9+2Ym09McJ0nU/o5ZM="></latexit>

”̃(µ) ≥ N (µ(µ); ‡2(µ))
<latexit sha1_base64="llj5iOFXMwlZPe3pCsNYspqBh2w="></latexit><latexit sha1_base64="o9UwriwQ63WY0W85rkqxCopprQI="></latexit><latexit sha1_base64="o9UwriwQ63WY0W85rkqxCopprQI="></latexit><latexit sha1_base64="8+qQ4w/LCLY7ycCpee4GuVYMjU4="></latexit>
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Objective

�38

Error	modeling:	staGsGcal	model	for	the	error	
‣ strength	of	#3	
+ Sta(s(cal:	interpretable	as	a	staGsGcal	error	model		
+ Epistemic	uncertainty	quan(fied:	through	variance

A	posteriori:	use	residual-based	quanGGes	computed	by	the	surrogate	
‣ strength	of	#1	and	#2		
+ Informa(ve	inputs:	quanGGes	are	strongly	related	to	the	error	
+ Thus,	can	lead	to	lower	epistemic	uncertainty:	lower	variance

Goal:	combine	the	strengths	of	
1. error	indicators,	
2. rigorous	a	posteriori	error	bounds,	and	
3. the	model-discrepancy	approach
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Main idea

 39

Key observation
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ROMs generate error indicators that

correlate with the error

ROMES Kevin Carlberg, Martin Drohmann 7 / 22

+ Can	produce	lower-variance	models	than	the	model-discrepancy	approach

Idea:	Apply	machine	learning	regression	to	generate	a	mapping	from		
residual-based	quan((es	to	a	random	variable	for	the	error

Machine-learning	error	models

‣ Observa4on:	residual-based	quanGGes	are	informaGve	of	the	error

‣ So,	these	are	informaGve	features:	can	predict	the	error	with	low	variance
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Machine-learning error models: formulation

 40

‣ features:		
‣ regression	funcGon:		
‣ noise:			
‣ Note:	model-discrepancy	approach	uses														

fl(µ) œ RNfl
<latexit sha1_base64="XFBEAgpEvUDe2QD2K2Fsf+GBjBo="></latexit><latexit sha1_base64="XFBEAgpEvUDe2QD2K2Fsf+GBjBo="></latexit><latexit sha1_base64="XFBEAgpEvUDe2QD2K2Fsf+GBjBo="></latexit><latexit sha1_base64="XFBEAgpEvUDe2QD2K2Fsf+GBjBo="></latexit>

‘(fl)
<latexit sha1_base64="04MeztDEix0T257ScwTTF7cL2A0="></latexit><latexit sha1_base64="04MeztDEix0T257ScwTTF7cL2A0="></latexit><latexit sha1_base64="04MeztDEix0T257ScwTTF7cL2A0="></latexit><latexit sha1_base64="04MeztDEix0T257ScwTTF7cL2A0="></latexit>

”(µ) = f(fl(µ))¸ ˚˙ ˝
deterministic

+ ‘(fl(µ))¸ ˚˙ ˝
stochastic

<latexit sha1_base64="QeA/IRV43eQBeSyQq50pSBRI7Xs="></latexit><latexit sha1_base64="QeA/IRV43eQBeSyQq50pSBRI7Xs="></latexit><latexit sha1_base64="QeA/IRV43eQBeSyQq50pSBRI7Xs="></latexit><latexit sha1_base64="QeA/IRV43eQBeSyQq50pSBRI7Xs="></latexit>

f(fl) = E[” | fl]
<latexit sha1_base64="0bLzeycmdaBFc1feZw7k+ZGI2EA="></latexit><latexit sha1_base64="0bLzeycmdaBFc1feZw7k+ZGI2EA="></latexit><latexit sha1_base64="0bLzeycmdaBFc1feZw7k+ZGI2EA="></latexit><latexit sha1_base64="0bLzeycmdaBFc1feZw7k+ZGI2EA="></latexit>

fl = µ
<latexit sha1_base64="2K3pafEZ1KqFkLlsTQgm7OrBgp8="></latexit><latexit sha1_base64="2K3pafEZ1KqFkLlsTQgm7OrBgp8="></latexit><latexit sha1_base64="2K3pafEZ1KqFkLlsTQgm7OrBgp8="></latexit><latexit sha1_base64="2K3pafEZ1KqFkLlsTQgm7OrBgp8="></latexit>

‣ Desired	properGes	in	error	model	
1.	cheaply	computable:	features											are	inexpensive	to	compute	
2.	low	variance:	noise	model										has	low	variance	
3.	generalizable:	empirical	distribuGons	of					and						‘close’	on	test	data

fl(µ)
<latexit sha1_base64="sLFF+KZEclYaGCxnjBtAJmT5EtI="></latexit><latexit sha1_base64="sLFF+KZEclYaGCxnjBtAJmT5EtI="></latexit><latexit sha1_base64="sLFF+KZEclYaGCxnjBtAJmT5EtI="></latexit><latexit sha1_base64="sLFF+KZEclYaGCxnjBtAJmT5EtI="></latexit>

‘̃(fl)
<latexit sha1_base64="ycdvozGHGaTyUbLIUI5db4KB6Kw="></latexit><latexit sha1_base64="ycdvozGHGaTyUbLIUI5db4KB6Kw="></latexit><latexit sha1_base64="ycdvozGHGaTyUbLIUI5db4KB6Kw="></latexit><latexit sha1_base64="ycdvozGHGaTyUbLIUI5db4KB6Kw="></latexit>

”
<latexit sha1_base64="twKki7gowhzsMaOwiT4MB4uYXR0="></latexit><latexit sha1_base64="twKki7gowhzsMaOwiT4MB4uYXR0="></latexit><latexit sha1_base64="twKki7gowhzsMaOwiT4MB4uYXR0="></latexit><latexit sha1_base64="twKki7gowhzsMaOwiT4MB4uYXR0="></latexit>

”̃
<latexit sha1_base64="Xg7Egk23VqWfbiT5vlfTSinJfYE="></latexit><latexit sha1_base64="Xg7Egk23VqWfbiT5vlfTSinJfYE="></latexit><latexit sha1_base64="Xg7Egk23VqWfbiT5vlfTSinJfYE="></latexit><latexit sha1_base64="Xg7Egk23VqWfbiT5vlfTSinJfYE="></latexit>

”̃
<latexit sha1_base64="Xg7Egk23VqWfbiT5vlfTSinJfYE="></latexit><latexit sha1_base64="Xg7Egk23VqWfbiT5vlfTSinJfYE="></latexit><latexit sha1_base64="Xg7Egk23VqWfbiT5vlfTSinJfYE="></latexit><latexit sha1_base64="Xg7Egk23VqWfbiT5vlfTSinJfYE="></latexit>

‣ regression-funcGon	model:		
‣ noise	model:

f̃(¥ f)
<latexit sha1_base64="FlmqFxMF2EsPWoOv0i6Tc2K9o7Q="></latexit><latexit sha1_base64="FlmqFxMF2EsPWoOv0i6Tc2K9o7Q="></latexit><latexit sha1_base64="FlmqFxMF2EsPWoOv0i6Tc2K9o7Q="></latexit><latexit sha1_base64="FlmqFxMF2EsPWoOv0i6Tc2K9o7Q="></latexit>

”̃(µ) = f̃(fl(µ))¸ ˚˙ ˝
deterministic

+ ‘̃(fl(µ))¸ ˚˙ ˝
stochastic

<latexit sha1_base64="jbJydsaLe7lxWc/E/DpP0AwKOq8="></latexit><latexit sha1_base64="jbJydsaLe7lxWc/E/DpP0AwKOq8="></latexit><latexit sha1_base64="jbJydsaLe7lxWc/E/DpP0AwKOq8="></latexit><latexit sha1_base64="jbJydsaLe7lxWc/E/DpP0AwKOq8="></latexit>

‘̃(¥ ‘)
<latexit sha1_base64="IfB5ewbkB4LGorKIJqRpnZ6U+j8="></latexit><latexit sha1_base64="i/iR2gBTyTCzB47MLpdBvXmACc8="></latexit><latexit sha1_base64="i/iR2gBTyTCzB47MLpdBvXmACc8="></latexit><latexit sha1_base64="Q3WTQV8VFLvCGuUugM4v6vdkcSA="></latexit>



/38

Kevin	CarlbergAdvances	in	nonlinear	model	reduc4on

Training and machine learning
1. Training:	Solve	high-fidelity	and	mulGple	surrogates	for																							µ 2 Dtraining

2. Machine	learning:	Construct	regression	model
3. Reduc(on:	predict	surrogate-model	error	for µ 2 Dquery \ Dtraining

D

�41

� = qHFM � qsurr
<latexit sha1_base64="gKaU4VOrV9+2Ym09McJ0nU/o5ZM="></latexit><latexit sha1_base64="gKaU4VOrV9+2Ym09McJ0nU/o5ZM="></latexit><latexit sha1_base64="gKaU4VOrV9+2Ym09McJ0nU/o5ZM="></latexit><latexit sha1_base64="gKaU4VOrV9+2Ym09McJ0nU/o5ZM="></latexit>

fl
<latexit sha1_base64="EMcRagUOJkutfjRA5UyYnBUslZM="></latexit><latexit sha1_base64="EMcRagUOJkutfjRA5UyYnBUslZM="></latexit><latexit sha1_base64="EMcRagUOJkutfjRA5UyYnBUslZM="></latexit><latexit sha1_base64="EMcRagUOJkutfjRA5UyYnBUslZM="></latexit>

high-fidelity	
model

surrogate	
models



/38

Kevin	CarlbergAdvances	in	nonlinear	model	reduc4on

Training and machine learning
1. Training:	Solve	high-fidelity	and	mulGple	surrogates	for																							µ 2 Dtraining

2. Machine	learning:	Construct	regression	model
3. Reduc(on:	predict	surrogate-model	error	for µ 2 Dquery \ Dtraining

D

�41

� = qHFM � qsurr
<latexit sha1_base64="gKaU4VOrV9+2Ym09McJ0nU/o5ZM="></latexit><latexit sha1_base64="gKaU4VOrV9+2Ym09McJ0nU/o5ZM="></latexit><latexit sha1_base64="gKaU4VOrV9+2Ym09McJ0nU/o5ZM="></latexit><latexit sha1_base64="gKaU4VOrV9+2Ym09McJ0nU/o5ZM="></latexit>
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<latexit sha1_base64="EMcRagUOJkutfjRA5UyYnBUslZM="></latexit><latexit sha1_base64="EMcRagUOJkutfjRA5UyYnBUslZM="></latexit><latexit sha1_base64="EMcRagUOJkutfjRA5UyYnBUslZM="></latexit><latexit sha1_base64="EMcRagUOJkutfjRA5UyYnBUslZM="></latexit>
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high-fidelity	
model

surrogate	
models

‣ randomly	divide	data	into	(1)	training	data	and	(2)	tesGng	data	
‣ construct	regression-funcGon	model					via	cross	validaGon	on	training	data	
‣ construct	noise	model					from	sample	variance	on	test	data	

f̃
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Reduction

�42

features ⇢

1. Training:	Solve	high-fidelity	and	reduced-order	models	for																							
2. Machine	learning:	Construct	regression	model
3. Reduc(on:	predict	surrogate-model	error	for

µ 2 Dtraining

µ 2 Dquery \ Dtraining

Doutputsinputs µ surrogate	model qsurr
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q̃HFM(µ)¸ ˚˙ ˝
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= qsurr(µ)¸ ˚˙ ˝
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+ ”̃(µ)¸˚˙˝
stochastic
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<latexit sha1_base64="qpFvcXRrO0Mec8Yp6uVtTwOURus="></latexit><latexit sha1_base64="d+KcWaJUBW5hXZlxrWhPa1L4YMU="></latexit><latexit sha1_base64="d+KcWaJUBW5hXZlxrWhPa1L4YMU="></latexit><latexit sha1_base64="j9t+pzaIWe15gBwI0gpaLw89duA="></latexit>



/38

Kevin	CarlbergAdvances	in	nonlinear	model	reduc4on

Regression	model:	construct	regression	model					to	trade	off:	
‣ High	capacity:	low	variance,	more	data	to	generalize	
‣ Low	capacity:	high	variance,	less	data	to	generalize

f̃
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Error-model construction

�43

Feature	engineering:	select	features					to	trade	off:	
1.	Number	of	features	

‣ Large	number:	costly,	low	variance,	high-capacity	regression	
‣ Small	number:	cheap,	high	variance,	low-capacity	regression	

2.	Quality	of	features	
‣ High	quality:	expensive,	low	variance	
‣ Low	quality:	cheap,	high	variance

⇢

Method	2:	Large	number	of	features	and	high-dimensional	regression	
[Trehan,	C.,	Durlofsky,	2017;	Freno,	C.,	2018]	

Method	1:	Dual-weighted	residual	and	Gaussian	process	regression	
[Drohmann,	C.,	2015;	C.,	Uy,	Lu,	Morzfeld,	2018]

”̃(µ) = f̃(fl(µ)) + ‘̃(fl(µ))
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Regression	model:	construct	regression	model					to	trade	off:	
‣ High	capacity:	low	variance,	more	data	to	generalize	
‣ Low	capacity:	high	variance,	less	data	to	generalize
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⇢

Method	2:	Large	number	of	features	and	high-dimensional	regression	
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Method	1:	Dual-weighted	residual	and	Gaussian	process	regression	
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Feature: dual-weighted residual [Drohmann, C., 2015]

�44

q(x)� q(x̃) = yT r(x̃) + O(kx� x̃k2)
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‣ Want	to	avoid	HFM-scale	solves,	so	approximate	dual	as

and	construct	a	ROM	for	the	dual

�y
T @r
@x

(x̃)T�yŷ = ��y
T @q

@x
(x̃)T
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y ¥ ỹ = �yŷ
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‣ One	feature:	
‣ can	control	feature	quality	via	dimension	of	

‣ Regression	model:		Gaussian	process	[Rasmussen,	Williams,	2006]

q(x)� q(x̃) ⇡ ŷT�y
T r(x̃)
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Thermal block

1 2 3

4 5 6

7 8 9

�D

�N1

�N0

4c(x ; µ)u(x ; µ) = 0 in ⌦ x(µ) = 0 on �D

rc(µ)x(µ) · n = 0 on �N0 rc(µ)x(µ) · n = 1 on �N1

Inputs µ 2 [0.1, 10]9 define di↵usivity c in subdomains

Output z(µ) =
R
�N1

x(µ)dx is compliant

ROM constructed via RB–Greedy [?]

ROMES Kevin Carlberg, Martin Drohmann 15 / 22

Application: Bayesian inference

�45

Thermal block

1 2 3

4 5 6

7 8 9

�D

�N1

�N0

4c(x ; µ)u(x ; µ) = 0 in ⌦ x(µ) = 0 on �D

rc(µ)x(µ) · n = 0 on �N0 rc(µ)x(µ) · n = 1 on �N1

Inputs µ 2 [0.1, 10]9 define di↵usivity c in subdomains

Output z(µ) =
R
�N1

x(µ)dx is compliant

ROM constructed via RB–Greedy [?]

ROMES Kevin Carlberg, Martin Drohmann 15 / 22

‣ Inputs																									define	diffusivity	in	c	in	subdomains	
‣ Outputs					are	24	measured	temperatures				
‣ ROM	constructed	via	RB-Greedy	[Patera	and	Rozza,	2006]	
‣ 															:	Gaussian	with	variance	0.1	
‣ 			
‣ Posterior	sampling:															samples	w/	implicit	sampling	[Tu	et	al.,	2013]	

µ 2 [0.1, 10]9

q

⇡prior(µ)

" ⇠ N (0, 1⇥ 10�3)

1⇥ 105
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Wall-time performance

�47

‣ ROM:	
+ cheapest	
- inconsistent	formulaGon
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Wall-time performance

�47

‣ ROM:	
+ cheapest	
- inconsistent	formulaGon

‣ ROM	+	error	models:	
+ cheaper	than	HFM	
- more	expensive	than	ROM	
+ consistent	formulaGon

si
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HFM ROM ROM+	
high-var

ROM+	
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Posteriors: ROM

�48

⇡
H
F
M

p
o
s
t
(µ

|q
m
e
a
s
)

⇡surr
post(µ |qmeas)

true

prior

⇡surr
post(µ |qmeas)

⇡HFM

post
(µ |q

meas
)

+HFM	posterior:	close	to	true	parameters	
- ROM	posterior:	far	from	prior	and	true	parameters
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Posteriors: ROM + high-variance error model

�49

⇡
H
F
M

p
o
s
t
(µ

|q
m
e
a
s
)

true

prior

⇡HFM

post
(µ |q

meas
)

+ ROM	+	high-variance	error	model	posterior:	close	to	prior

⇡
]HFM
post

(µ |q
meas

)

⇡
]HFM
post

(µ |q
meas

)
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(µ |q
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⇡
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Posteriors: ROM + low-variance error model

�50

+ ROM	+	low-variance	error	model	posterior:	close	to	HFM	posterior

⇡
]HFM
post

(µ |q
meas

)
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Regression	model:	construct	regression	model					to	trade	off:	
‣ High	capacity:	low	variance,	more	data	to	generalize	
‣ Low	capacity:	high	variance,	less	data	to	generalize

f̃
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Error-model construction

�51

Feature	engineering:	select	features					to	trade	off:	
1.	Number	of	features	

‣ Large	number:	costly,	low	variance,	high-capacity	regression	
‣ Small	number:	cheap,	high	variance,	low-capacity	regression	

2.	Quality	of	features	
‣ High	quality:	expensive,	low	variance	
‣ Low	quality:	cheap,	high	variance

⇢

Method	2:	Large	number	of	features	and	high-dimensional	regression	
[Trehan,	C.,	Durlofsky,	2017;	Freno,	C.,	2018]	

Method	1:	Dual-weighted	residual	and	Gaussian	process	regression	
[Drohmann,	C.,	2015;	C.,	Uy,	Lu,	Morzfeld,	2018]

”̃(µ) = f̃(fl(µ)) + ‘̃(fl(µ))
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1. Error	indicators:	
‣ residual	norm:	
‣ dual-weighted	residual:

Feature engineering [Freno, C., 2018]

�52

Proposed	features:	
‣ parameters	
‣ low	quality,	cheap	
‣ used	by	model	discrepancy	

‣ residual	norm		
- small	number,	low	quality,	costly	

‣ residual	
- large	number,		low	quality,	costly

µ

kr(�x̂;µ)k2

r(�x̂;µ)

‣ residual	samples	
+ moderate	number,	cheap	
- low	quality	

‣ residual	PCA	
+ moderate	number,	high-quality	
- costly	

‣ gappy	PCA	
+ moderate	number,	high-quality	
+ cheap

r̂ := �T
r r(�x̂;µ)

Pr(�x̂;µ)

r̂g := (P�r)
+Pr(�x̂;µ)

kr(x̃;µ)k2
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2. Rigorous	a	posteriori	error	bound: |q(x)� q(x̃)|  �

↵
kr(x̃;µ)k2
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q(x)� q(x̃) = yT r(x̃) + O(kx� x̃k2)
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3. Model	discrepancy:

Idea:	Use	tradi(onal	error	quan(fica(on	as	inspira(on	for	features

”̃(µ) ≥ N (µ(µ); ‡2(µ))
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Application: Predictive capability assessment project

 53
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‣ high-fidelity	model	dimension:	
‣ reduced-order	model	dimensions:	
‣ inputs				:	elasGc	modulus,	Poisson	raGo,	applied	pressure	
‣ quan((es	of	interest:	y-displacement	at	A,	radial	displacement	at	B	
‣ training	data:	150	training	examples,	150	tesGng	examples

µ

2.8⇥ 105

1, ... , 5
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Application: Predictive capability assessment project

 54

Introduction Parameterized Nonlinear Equations Approach Experiments Summary

PCAP: FVU for QoI Error Prediction

�̂�r: log10 FVU �̂�y: log10 FVU

R
eg
re
ss
io
n
M
et
h
od

s

k
rk

2

[µ
;
k
rk

2
]

[µ
;
P

r]
(
q=

1
0
)

[µ
;
r̂ g

]
(
q=

1
0
)

[µ
;
P

r]
(
q=

1
0
0
)

[µ
;
r̂ g

]
(
q=

1
0
0
)

[µ
;
P

r]
(
q=

1
0
0
0
)

[µ
;
r̂ g

]
(
q=

1
0
0
0
)

[µ
;
r̂] µ

MLP

-NN

RF

SVR: RBF

SVR: Linear

OLS: Quadratic

OLS: Linear

k
rk

2

[µ
;
k
rk

2
]

[µ
;
P

r]
(
q=

1
0
)

[µ
;
r̂ g

]
(
q=

1
0
)

[µ
;
P

r]
(
q=

1
0
0
)

[µ
;
r̂ g

]
(
q=

1
0
0
)

[µ
;
P

r]
(
q=

1
0
0
0
)

[µ
;
r̂ g

]
(
q=

1
0
0
0
)

[µ
;
r̂] µ

MLP

-NN

RF

SVR: RBF

SVR: Linear

OLS: Quadratic

OLS: Linear

�5

�4

�3

�2

�1

0

Features Features

Fraction of variance unexplained (FVU) is 1 � r2 (r2 is coe�cient of determination)

• SVR: RBF and MLP perform the best

• [µ; r̂g] and [µ; Pr] well with only q = 100 samples (compared to Nu = 278, 301)

Freno & Carlberg Machine-Learning Error Models for Approximate Solutions 44

log10(1� R2) log10(1� R2)
y-displacement	at	A radial	displacement	at	B

re
gr
es
si
on

	m
et
ho

ds

features features



/38

Kevin	CarlbergAdvances	in	nonlinear	model	reduc4on

kr
k 2

[µ
;
kr

k 2
]

[µ
;
P

r]
(n

r
=

10
)

[µ
;
r̂ g

]
(n

r
=

10
)

[µ
;
P

r]
(n

r
=

10
0)

[µ
;
r̂ g

]
(n

r
=

10
0)

[µ
;
P

r]
(n

r
=

10
00

)

[µ
;
r̂ g

]
(n

r
=

10
00

)

[µ
;
r̂] µ

ANN

k-NN

RF

SVR: RBF

SVR: Linear

OLS: Quadratic

OLS: Linear

�5

�4

�3

�2

�1

0

�̂uy : log10 FVU

Application: Predictive capability assessment project

 54

Introduction Parameterized Nonlinear Equations Approach Experiments Summary

PCAP: FVU for QoI Error Prediction

�̂�r: log10 FVU �̂�y: log10 FVU

R
eg
re
ss
io
n
M
et
h
od

s

k
rk

2

[µ
;
k
rk

2
]

[µ
;
P

r]
(
q=

1
0
)

[µ
;
r̂ g

]
(
q=

1
0
)

[µ
;
P

r]
(
q=

1
0
0
)

[µ
;
r̂ g

]
(
q=

1
0
0
)

[µ
;
P

r]
(
q=

1
0
0
0
)

[µ
;
r̂ g

]
(
q=

1
0
0
0
)

[µ
;
r̂] µ

MLP

-NN

RF

SVR: RBF

SVR: Linear

OLS: Quadratic

OLS: Linear

k
rk

2

[µ
;
k
rk

2
]

[µ
;
P

r]
(
q=

1
0
)

[µ
;
r̂ g

]
(
q=

1
0
)

[µ
;
P

r]
(
q=

1
0
0
)

[µ
;
r̂ g

]
(
q=

1
0
0
)

[µ
;
P

r]
(
q=

1
0
0
0
)

[µ
;
r̂ g

]
(
q=

1
0
0
0
)

[µ
;
r̂] µ

MLP

-NN

RF

SVR: RBF

SVR: Linear

OLS: Quadratic

OLS: Linear

�5

�4

�3

�2

�1

0

Features Features

Fraction of variance unexplained (FVU) is 1 � r2 (r2 is coe�cient of determination)

• SVR: RBF and MLP perform the best

• [µ; r̂g] and [µ; Pr] well with only q = 100 samples (compared to Nu = 278, 301)

Freno & Carlberg Machine-Learning Error Models for Approximate Solutions 44

log10(1� R2) log10(1� R2)

- parameters	(model-discrepancy	approach):	large	variance
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- parameters	(model-discrepancy	approach):	large	variance
- small	number	of	low-quality	features:	large	variance

y-displacement	at	A radial	displacement	at	B

re
gr
es
si
on

	m
et
ho

ds

features features



/38

Kevin	CarlbergAdvances	in	nonlinear	model	reduc4on

kr
k 2

[µ
;
kr

k 2
]

[µ
;
P

r]
(n

r
=

10
)

[µ
;
r̂ g

]
(n

r
=

10
)

[µ
;
P

r]
(n

r
=

10
0)

[µ
;
r̂ g

]
(n

r
=

10
0)

[µ
;
P

r]
(n

r
=

10
00

)

[µ
;
r̂ g

]
(n

r
=

10
00

)

[µ
;
r̂] µ

ANN

k-NN

RF

SVR: RBF

SVR: Linear

OLS: Quadratic

OLS: Linear

�5

�4

�3

�2

�1

0

�̂uy : log10 FVU

Application: Predictive capability assessment project

 54

Introduction Parameterized Nonlinear Equations Approach Experiments Summary

PCAP: FVU for QoI Error Prediction

�̂�r: log10 FVU �̂�y: log10 FVU

R
eg
re
ss
io
n
M
et
h
od

s

k
rk

2

[µ
;
k
rk

2
]

[µ
;
P

r]
(
q=

1
0
)

[µ
;
r̂ g

]
(
q=

1
0
)

[µ
;
P

r]
(
q=

1
0
0
)

[µ
;
r̂ g

]
(
q=

1
0
0
)

[µ
;
P

r]
(
q=

1
0
0
0
)

[µ
;
r̂ g

]
(
q=

1
0
0
0
)

[µ
;
r̂] µ

MLP

-NN

RF

SVR: RBF

SVR: Linear

OLS: Quadratic

OLS: Linear

k
rk

2

[µ
;
k
rk

2
]

[µ
;
P

r]
(
q=

1
0
)

[µ
;
r̂ g

]
(
q=

1
0
)

[µ
;
P

r]
(
q=

1
0
0
)

[µ
;
r̂ g

]
(
q=

1
0
0
)

[µ
;
P

r]
(
q=

1
0
0
0
)

[µ
;
r̂ g

]
(
q=

1
0
0
0
)

[µ
;
r̂] µ

MLP

-NN

RF

SVR: RBF

SVR: Linear

OLS: Quadratic

OLS: Linear

�5

�4

�3

�2

�1

0

Features Features

Fraction of variance unexplained (FVU) is 1 � r2 (r2 is coe�cient of determination)

• SVR: RBF and MLP perform the best

• [µ; r̂g] and [µ; Pr] well with only q = 100 samples (compared to Nu = 278, 301)

Freno & Carlberg Machine-Learning Error Models for Approximate Solutions 44

log10(1� R2) log10(1� R2)

- parameters	(model-discrepancy	approach):	large	variance
- small	number	of	low-quality	features:	large	variance
‣ PCA	of	the	residual:	lowest	variance	overall	but	costly
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- parameters	(model-discrepancy	approach):	large	variance
- small	number	of	low-quality	features:	large	variance
‣ PCA	of	the	residual:	lowest	variance	overall	but	costly
+ gappy	PCA	of	the	residual:	nearly	as	low	variance,	but	much	cheaper
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- parameters	(model-discrepancy	approach):	large	variance
- small	number	of	low-quality	features:	large	variance
‣ PCA	of	the	residual:	lowest	variance	overall	but	costly
+ gappy	PCA	of	the	residual:	nearly	as	low	variance,	but	much	cheaper
+neural	networks	and	SVR:	RBF	yield	lowest-variance	models
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Application: Predictive capability assessment project
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kr(�x̂;µ)k2

‣ TradiGonal	features						and																						:	
- high	noise	variance	
- expensive	for																						:	compute	enGre	residual

kr(�x̂;µ)k2
<latexit sha1_base64="9xFzvpYxPplhUgj0DU+Qj4m5OHo="></latexit><latexit sha1_base64="9xFzvpYxPplhUgj0DU+Qj4m5OHo="></latexit><latexit sha1_base64="9xFzvpYxPplhUgj0DU+Qj4m5OHo="></latexit><latexit sha1_base64="9xFzvpYxPplhUgj0DU+Qj4m5OHo="></latexit>

µ
<latexit sha1_base64="NXzwz7Z/tRqhGUzvxnInsxtt6zQ="></latexit><latexit sha1_base64="NXzwz7Z/tRqhGUzvxnInsxtt6zQ="></latexit><latexit sha1_base64="NXzwz7Z/tRqhGUzvxnInsxtt6zQ="></latexit><latexit sha1_base64="NXzwz7Z/tRqhGUzvxnInsxtt6zQ="></latexit>

kr(�x̂;µ)k2
<latexit sha1_base64="9xFzvpYxPplhUgj0DU+Qj4m5OHo="></latexit><latexit sha1_base64="9xFzvpYxPplhUgj0DU+Qj4m5OHo="></latexit><latexit sha1_base64="9xFzvpYxPplhUgj0DU+Qj4m5OHo="></latexit><latexit sha1_base64="9xFzvpYxPplhUgj0DU+Qj4m5OHo="></latexit>

[µ; r̂g]
<latexit sha1_base64="RxxEZ8xHH8GlvILCyPkCfK5wzBU="></latexit><latexit sha1_base64="RxxEZ8xHH8GlvILCyPkCfK5wzBU="></latexit><latexit sha1_base64="RxxEZ8xHH8GlvILCyPkCfK5wzBU="></latexit><latexit sha1_base64="wXGyzDs8e1BiAuguweLiEht11x4="></latexit><latexit sha1_base64="JA47+WHJlXc1LIaDpJFr0p80Uig="></latexit><latexit sha1_base64="JA47+WHJlXc1LIaDpJFr0p80Uig="></latexit><latexit sha1_base64="KX8CshT3Qzyr+3cEn/aK668SWdg="></latexit><latexit sha1_base64="RxxEZ8xHH8GlvILCyPkCfK5wzBU="></latexit><latexit sha1_base64="RxxEZ8xHH8GlvILCyPkCfK5wzBU="></latexit><latexit sha1_base64="RxxEZ8xHH8GlvILCyPkCfK5wzBU="></latexit><latexit sha1_base64="RxxEZ8xHH8GlvILCyPkCfK5wzBU="></latexit><latexit sha1_base64="RxxEZ8xHH8GlvILCyPkCfK5wzBU="></latexit><latexit sha1_base64="RxxEZ8xHH8GlvILCyPkCfK5wzBU="></latexit>

‣ Proposed	features											:	
+ low	noise	variance	
+extremely	cheap:	only	compute	10	elements	of	the	residual
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Summary

 56

Accurate,	low-cost,	structure-preserving,	
reliable,	cer;fied	nonlinear	model	reduc;on

‣ accuracy:	LSPG	projecGon	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	AnGl,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	CorGal,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
[C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2017]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.	and	Choi,	2017]	

‣ reliability:	adapGvity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	

[Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2017]
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Questions?

�57

Machine-learning	error	models:	
‣ Freno,	C.	“Machine-learning	error	models	for	approximate	solu4ons	to	
parameterized	systems	of	nonlinear	equa4ons,”	arXiv	e-Print,	1808.02097	(2018).	

‣ Trehan,	C,	and	Durlofsky.	“Error	modeling	for	surrogates	of	dynamical	systems	using	
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