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We present a method for model reduction of finite-volume models that guarantees the resulting
reduced-order model is conservative, thereby preserving the structure intrinsic to finite-volume
discretizations [1]. The proposed reduced-order models associate with optimization problems

characterized by (1) a minimum-residual objective function and (2) nonlinear equality constraints
that explicitly enforce conservation over subdomains. Conservative Galerkin projection arises
from formulating this optimization problem at the time-continuous level, while conservative least-

squares Petrov–Galerkin (LSPG) projection associates with a time-discrete formulation. Figure
1 depicts possible decomposed meshes over which conservation can be enforced for a vertex-
centered finite-volume model. We note that other recent works have also considered ROMs that
associate with constrained optimization problems [3, 2], although none are conservative.
We equip these approaches with hyper-reduction techniques in the case of nonlinear flux and
source terms, and also provide approaches for handling infeasibility. In addition, we perform
analyses that include deriving conditions under which conservative Galerkin and conservative
LSPG are equivalent, as well as deriving a posteriori error bounds.
On a parameterized quasi-1D Euler equation problem, the proposed method not only conserves
mass, momentum, and energy globally, but also has significantly lower state-space errors than
nonconservative reduced-order models such as standard Galerkin and LSPG projection.

(a) 3 subdomains (b) 2 subdomains (c) 1 (global) subdomain

Figure 1: Examples of decomposed meshes. The propose method enforces conservation over each

subdomain (denoted by colors). Note that 1 global subdomain enforces global conservation.
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Table 2
One-dimensional Euler equation. Parameters varied for different ROMs to generate the Pareto 
fronts reported in Fig. 7 as described in Section 6.6.

Method LSPG, LSPG-FV GNAT, GNAT-FV, GNAT-FV(GNAT-FV)

p {4,5,6} {4,5,6}
np,r = np,s = np,h {60,90}
pr {10,20,30}
ph {10 + 5 j}4

j=0

ps {10 + 5 j}4
j=0

Fig. 7. One-dimensional Euler equation. Pareto-optimal performance of various methods after varying model parameters reported in Table 2 for N! = 500 as 
described in Section 6.6. Wall times are reported relative to that of the FOM simulation. Note that the Pareto-optimal ROM methods in terms of minimizing 
error and wall time are the proposed GNAT-FV and GNAT-FV(GNAT-FV) methods.

by a minimum-residual objective function and nonlinear equality constraints formulated at the time-continuous and time-
discrete levels, respectively. We equipped these methods with techniques for handling infeasible constraints, and we also 
developed hyper-reduction methods to ensure low-cost ROM simulations in the presence of nonlinear flux or source terms.

We performed analysis that demonstrated commutativity of conservative Galerkin projection and time discretization, 
developed sufficient conditions for feasibility, demonstrated conditions under which conservative Galerkin and conservative 
LSPG models are equivalent, and derived a posteriori error bounds. Numerical experiments on a model problem highlighted 
the benefit of conservative projection, and also demonstrated that enforcing global conservation led to the most accurate 
results.

Future work involves implementing the proposed techniques in a production-level computational fluid-dynamics code, 
demonstrating the methods on truly large-scale finite-volume models, and investigating combining the methodology with 
space–time projection approaches [56,11,20], as these techniques have demonstrated error bounds that grow slowly in time.

Acknowledgements

We thank Matthew Barone and Irina Tezaur for insightful conversations related to structure-preserving model reduction 
in fluid dynamics. We also thank J. Nathan Kutz for his help in forging the collaboration. This work was funded by Sandia’s 
Laboratory Directed Research and Development program under Project #190968. Sandia National Laboratories is a multimis-
sion laboratory managed and operated by National Technology and Engineering Solutions of Sandia, LLC., a wholly owned 
subsidiary of Honeywell International, Inc., for the U.S. Department of Energy’s National Nuclear Security Administration 
under contract DE-NA-0003525.

References

[1] R. Abgrall, D. Amsallem, R. Crisonovan, Robust model reduction by L1-norm minimization and approximation via dictionaries: application to nonlinear 
hyperbolic problems, Adv. Model. Simul. Eng. Sci. 3 (2016) 1–16.

[2] S. An, T. Kim, D. James, Optimizing cubature for efficient integration of subspace deformations, ACM Trans. Graph. (TOG) 27 (2008) 165.
[3] H. Antil, S. Field, F. Herrmann, R. Nochetto, M. Tiglio, Two-step greedy algorithm for reduced order quadratures, J. Sci. Comput. 57 (2013) 604–637.
[4] H. Antil, M. Heinkenschloss, D.C. Sorensen, Application of the discrete empirical interpolation method to reduced order modeling of nonlinear and 

parametric systems, in: A. Quarteroni, G. Rozza (Eds.), Reduced Order Methods for Modeling and Computational Reduction, in: Springer MS&A, vol. 8, 
Springer-Verlag Italia, Milano, 2013.

[5] P. Astrid, S. Weiland, K. Willcox, T. Backx, Missing point estimation in models described by proper orthogonal decomposition, IEEE Trans. Autom. 
Control 53 (2008) 2237–2251.

rela7ve	wall	7me
re
la
7v
e	
st
at
e-
sp
ac
e	
er
ro
r



/38

Kevin	CarlbergNonlinear	reduced-order	modeling

High-fidelity simulation: captive carry /38

Kevin	CarlbergBreaking	computa5onal	barriers 3

High-fidelity simulation: B61 captive carry

 2



/38

Kevin	CarlbergNonlinear	reduced-order	modeling

High-fidelity simulation: captive carry

๏ explore	flight	
envelope

๏ quan7fy	effects	of	
uncertain7es	on	store	load

๏ robust	design	of	
store	and	cavity

computa=onal	barrier

Many-query problems

+Validated	and	predic(ve:	matches	wind-tunnel	experiments	to	within	5%	
- Extreme-scale:	100	million	cells,	200,000	7me	steps	
- High	simula(on	costs:	6	weeks,	5000	cores

 2

Goal:	break	computa0onal	barrier
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How to construct a ROM given a basis    ?
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‣ FOM	ODE	residual:	

‣ FOM	O∆E	residual:	

‣ LSPG	test	basis:	

‣ Detailed	compara7ve	analysis:	C,	Barone,	An7l,	J	Comp	Phys,	2017.

r

n(w) := ↵0w ��t�0f(w, tn) +
kX

j=1

↵jx
n�j(⌫)��t

kX

j=1

�j f(x
n�j , tn�j)

<latexit sha1_base64="6n0GsXkGumGAm9M8XpC6Z/eQZqI="></latexit><latexit sha1_base64="6n0GsXkGumGAm9M8XpC6Z/eQZqI="></latexit><latexit sha1_base64="6n0GsXkGumGAm9M8XpC6Z/eQZqI="></latexit><latexit sha1_base64="6n0GsXkGumGAm9M8XpC6Z/eQZqI="></latexit>

ODE
dx

dt
= f(x; t)

r

✓
dx

dt
, x, t

◆
= 0

<latexit sha1_base64="DMNjZAx0btAd2v9KS6H+DKYUDag="></latexit><latexit sha1_base64="DMNjZAx0btAd2v9KS6H+DKYUDag="></latexit><latexit sha1_base64="DMNjZAx0btAd2v9KS6H+DKYUDag="></latexit><latexit sha1_base64="DMNjZAx0btAd2v9KS6H+DKYUDag="></latexit>

r (v, x, t) := v � f(x, t)
<latexit sha1_base64="QPeLhViHr1/TWZUOo93jfCyIMas="></latexit><latexit sha1_base64="QPeLhViHr1/TWZUOo93jfCyIMas="></latexit><latexit sha1_base64="QPeLhViHr1/TWZUOo93jfCyIMas="></latexit><latexit sha1_base64="QPeLhViHr1/TWZUOo93jfCyIMas="></latexit>

residual	
minimiza(on

LSPG	O∆E
[C.,	Bou-Mosleh,	Farhat,	2011]
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Discrete-time error bound 

�4

Theorem	[C.,	Barone,	An7l,	2017]

If	the	following	condi7ons	hold:	
1.													is	Lipschitz	con7nuous	with	Lipschitz	constant	
2.	The	7me	step								is	small	enough	such	that																																											,	
3.	A	backward	differen7a7on	formula	(BDF)	7me	integrator	is	used,
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B61 captive carry

 5

V1

‣ Unsteady	Navier–Stokes ‣ Re	=	6.3	x	106 ‣ M∞	=	0.6

Spa=al	discre=za=on	
‣ 2nd-order	finite	volume	
‣ DES	turbulence	model	
‣ 																	degrees	of	freedom1.2⇥ 106

Temporal	discre=za=on	
‣ 2nd-order	BDF	
‣ Verified	7me	step		
‣ 																	7me	instances

�t = 1.5⇥ 10�3

8.3⇥ 103
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High-fidelity model solution
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Principal components
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Galerkin and LSPG performance

�8

probe

0 2 4 6 8 10 12
1.6

1.8

2

2.2

2.4

2.6

2.8
FOM
Gal1
Gal2
Gal3
LSPG1
LSPG2
LSPG3

Galerkin:	dim	368

0 2 4 6 8 10 12
1.6

1.8

2

2.2

2.4

2.6

2.8
FOM
Gal1
Gal2
Gal3
LSPG1
LSPG2
LSPG3

Galerkin:	dim	204

0 2 4 6 8 10 12
1.6

1.8

2

2.2

2.4

2.6

2.8
FOM
Gal1
Gal2
Gal3
LSPG1
LSPG2
LSPG3

high-fidelity:	
dim	1.2x106

0 2 4 6 8 10 12
1.6

1.8

2

2.2

2.4

2.6

2.8
FOM
Gal1
Gal2
Gal3
LSPG1
LSPG2
LSPG3

Galerkin:	dim	564

0 2 4 6 8 10 12
1.6

1.8

2

2.2

2.4

2.6

2.8

0 2 4 6 8 10 12
1.6

1.8

2

2.2

2.4

2.6

2.8

0 2 4 6 8 10 12
1.6

1.8

2

2.2

2.4

2.6

2.8

0 2 4 6 8 10 12
1.6

1.8

2

2.2

2.4

2.6

2.8

- Galerkin	projec7on	fails	regardless	of	basis	dimension
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+ LSPG	is	far	more	accurate	than	Galerkin
- However,	both	ROMs	are	slower	than	the	high-fidelity	model

Why	does	this	occur,	and	can	we	fix	it?
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Hyper-reduction

�9

- Costly:	minimizing	large-scale	high-fidelity	model	residual
Hyper-reduc(on:	minimize	sampling-based	residual	approxima7ons

Galerkin: minimize
v̂

k � k2

k2rn( r
n
(v̂

<latexit sha1_base64="bG5wNJ9NqkAsHfgNglpaRjRso+k="></latexit><latexit sha1_base64="bG5wNJ9NqkAsHfgNglpaRjRso+k="></latexit><latexit sha1_base64="bG5wNJ9NqkAsHfgNglpaRjRso+k="></latexit><latexit sha1_base64="bG5wNJ9NqkAsHfgNglpaRjRso+k="></latexit>

,
<latexit sha1_base64="81bGHPF+Ao8l0yo3STZGfp5+vzI="></latexit><latexit sha1_base64="81bGHPF+Ao8l0yo3STZGfp5+vzI="></latexit><latexit sha1_base64="81bGHPF+Ao8l0yo3STZGfp5+vzI="></latexit><latexit sha1_base64="81bGHPF+Ao8l0yo3STZGfp5+vzI="></latexit>

�
<latexit sha1_base64="n5mNoa1WctThO7xMmTUppH9bkAk="></latexit><latexit sha1_base64="n5mNoa1WctThO7xMmTUppH9bkAk="></latexit><latexit sha1_base64="n5mNoa1WctThO7xMmTUppH9bkAk="></latexit><latexit sha1_base64="n5mNoa1WctThO7xMmTUppH9bkAk="></latexit>

x̂, t)
<latexit sha1_base64="vxd5lZZu3bjthXBebncRsK6vgAk="></latexit><latexit sha1_base64="vxd5lZZu3bjthXBebncRsK6vgAk="></latexit><latexit sha1_base64="vxd5lZZu3bjthXBebncRsK6vgAk="></latexit><latexit sha1_base64="vxd5lZZu3bjthXBebncRsK6vgAk="></latexit>

r(
<latexit sha1_base64="AfqciapYEuWiYHVjHN75w7GRass="></latexit><latexit sha1_base64="AfqciapYEuWiYHVjHN75w7GRass="></latexit><latexit sha1_base64="AfqciapYEuWiYHVjHN75w7GRass="></latexit><latexit sha1_base64="AfqciapYEuWiYHVjHN75w7GRass="></latexit>

minimize
v̂

k � v̂)k2

k2rn( r
n
(LSPG: rn(

<latexit sha1_base64="1wROWshLLPfYGgBKlbAT/ej2uvA="></latexit><latexit sha1_base64="1wROWshLLPfYGgBKlbAT/ej2uvA="></latexit><latexit sha1_base64="1wROWshLLPfYGgBKlbAT/ej2uvA="></latexit><latexit sha1_base64="1wROWshLLPfYGgBKlbAT/ej2uvA="></latexit>

HR-Galerkin:minimize
v̂

kr̃(�v̂,�x̂, t)k2
<latexit sha1_base64="eIDsCwzj38b7ggQ9/0lHm0qZtbQ="></latexit><latexit sha1_base64="eIDsCwzj38b7ggQ9/0lHm0qZtbQ="></latexit><latexit sha1_base64="eIDsCwzj38b7ggQ9/0lHm0qZtbQ="></latexit><latexit sha1_base64="eIDsCwzj38b7ggQ9/0lHm0qZtbQ="></latexit>

HR-LSPG: minimize
v̂

kr̃n(�v̂)k2
<latexit sha1_base64="RZbH9Mv56Z3IFOj4XFWdLGXYhYU="></latexit><latexit sha1_base64="RZbH9Mv56Z3IFOj4XFWdLGXYhYU="></latexit><latexit sha1_base64="RZbH9Mv56Z3IFOj4XFWdLGXYhYU="></latexit><latexit sha1_base64="RZbH9Mv56Z3IFOj4XFWdLGXYhYU="></latexit>

1. Residual	gappy	POD: r̃n = �r(Pr�r)
+Prr
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Prn

2. Velocity	gappy	POD:					and						computed	from		
‣ POD-DEIM	[Chaturantabut	and	Sorensen,	2011]	=	Galerkin	+	velocity	gappy	POD

f̃ = �f(Pf�f)
+Pff
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+	Cost	independent	of		
high-fidelity	model	
dimension

‣ GNAT	[C.,	Bou-Mosleh,	Farhat,	2011]	=	LSPG	+	residual	gappy	POD
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Sample mesh [C., Farhat, Cortial, Amsallem, 2013]

vor(city	field pressure	field

GNAT	ROM	
32	min,	2	cores

+229x	savings	in	core–hours	
+<	1%	error	in	(me-averaged	drag

+HPC	on	a	laptop

sample	
mesh

minimize
v̂

k(P�r)
+Prn(�v̂)k2Prn|{z}

A

high-fidelity	
5	hours,	48	cores

�10
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Ahmed body [Ahmed, Ramm, Faitin, 1984]

 11

V1

‣ Unsteady	Navier–Stokes ‣ Re	=	4.3	x	106 ‣ M∞	=	0.175

Spa=al	discre=za=on	
‣ 2nd-order	finite	volume	
‣ DES	turbulence	model	
‣ 																	degrees	of	freedom

Temporal	discre=za=on	
‣ 2nd-order	BDF	
‣ Time	step		
‣ 																	7me	instances

�t = 8⇥ 10�5s

1.7⇥ 107 1.3⇥ 103
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Ahmed body results [C., Farhat, Cortial, Amsallem, 2013]

 12

pressure		
field

+438x	savings	in	core–hours

+HPC	on	a	laptop
sample	
mesh

high-fidelity	model	
13	hours,	512	cores

GNAT	ROM
4	hours,	4	cores

Can	we	equip	the	ROM	with	stronger	a	priori	guarantees?
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Structure preservation in model reduction

 13

‣ Stability	[Moore,	1981;	Bond	and	Daniel,	20018;	Amsallem	and	Farhat,	2012;	Kalashnikova	et	al.,	2014]	

‣ Second-order	structure	[Freund	2005;	Salimbahrami,	2005;	Chahlaoui,	2015]	

‣ Delay	[Beaqe	and	Gugercin,	2008;	Michiels	et	al.,	2011;	Schulze	and	Unger,	2015]	

‣ Bilinear	[Zhang	and	Lam,	2002;	Benner	and	Damm,	2011;	Benner	and	Breiten,	2012;	Flagg	and	Gugercin,	2015]	

‣ Inf–sup	stability	[Rozza	and	Veroy,	2007;	Gerner	and	Veroy,	2012;	Rozza	et	al.,	2013;	Ballarin	et	al.,	2014]	
‣ Passivity	[Phillips	et	al.,	2003;	Sorensen	2005;	Wolf	et	al.,	2010]	

‣ Energy	conserva7on	[Farhat	et	al.,	2014;	Farhat	et	al.,	2015]	
‣ (Port-)Hamiltonian	[Polyuga	and	van	der	Schas,	2008;	Beaqe	and	Gugercin,	2011;	Arkham	and	

Hesthaven,	2016;	Chaturantabut	et	al.,	2016;	Peng	and	Mohseni,	2016]

What	structure	should	we	preserve	in	finite-volume	models?
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Finite-volume method

 14

⌦j

�j
ODE:

dx

dt
= f(x; t)

‣ average	value	of	conserved	variable	i	over	control	volume	j

‣ flux	and	source	of	conserved	variable	i	within	control	volume	j

fI(i ,j)(x, t) = � 1

|⌦j |

Z

�j

gi (x;~x , t)| {z }
flux

·nj(~x) d~s(~x) +
1

|⌦j |

Z

⌦j

si (x;~x , t)| {z }
source

d~x

xI(i ,j)(t) =
1

|⌦j |

Z

⌦j

ui (~x , t) d~x

‣ conserva=on	viola=on	of	variable	i	in	control	volume	j	over	7me	step	n

O∆E: r

n(xn) = 0, n = 1, ... ,N

r

n
I(i ,j) = xI(i ,j)(t

n+1)� xI(i ,j)(t
n) +

Z tn+1

tn
fI(i ,j)(x, t)dt

‣ rate	of	conserva=on	viola=on	of	variable	i	in	control	volume	j

rI(i ,j) =
dxI(i ,j)

dt

(t)� fI(i ,j)(x, t)

Conserva0on	is	the	intrinsic	structure	enforced	by	finite-volume	methods
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Galerkin and LSPG violate conservation

 15

Galerkin LSPG

‣ Minimize	sum	of	squared	
conserva=on-viola=on	rates	
over	all	conserved	variables	and	
control	volumes

‣ Minimize	sum	of	squared		
conserva=on	viola=ons		
over	=me	step	n	over	all	
conserved	variables	and	control	
volumes

�x̂

n = argmin
v2range(�)

krn(v)k2
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�

d x̂

dt
(�x̂, t) = argmin

v2range(�)
kr(v,�x̂, t)k2
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- Neither	Galerkin	nor	LSPG	enforces	conserva7on!
Objec=ves	
+ Reduced-order	models	that	enforce	conserva7on		
+ Condi7ons	that	determine	when	conserva7on	enforcement	is	ensured	
+ Hyper-reduc7on	to	ensure	low	cost	if	nonlinear	flux	and	source	
+ A	posteriori	error	bounds

Reference:	C.,	Choi,	and	Sargsyan.	Conserva7ve	model	reduc7on	for	finite-
volume	models.	Journal	of	Computa(onal	Physics,	371:280–314,	2018.	  

	

Approach:	leverage	op(miza(on	structure	of	Galerkin	and	LSPG
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Finite-volume method over subdomains

 16

ODE: C̄
dx

dt
= C̄f(x, t)
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‣ performs	summa7on	over	control	volumes	within	subdomain	j

288 K. Carlberg et al. / Journal of Computational Physics 371 (2018) 280–314

Fig. 1. Examples of decomposed meshes M̄ for a vertex-centered finite-volume model. Solid lines denote the primal mesh, and dashed lines the control-
volume interfaces ! j defining the dual mesh, and colors denote separate subdomains "̄i . (For interpretation of the colors in the figure(s), the reader is 
referred to the web version of this article.)

3.4. Lack of conservation

Remarks 4 and 5 demonstrated that Galerkin and LSPG ROMs minimize the violation of conservation in the case of 
finite-volume models in particular senses; Galerkin performs this minimization at the time-continuous level, while LSPG 
does so at the time-discrete level. While this is an attractive property, it does not guarantee that the model is conservative 
in any sense: because the minimum value of the objective functions in Eqs. (3.4) and (3.7) may be non-zero, conservation 
is generally violated by each of these approaches. We interpret this as violating the structure intrinsic to finite-volume 
models. This provides the motivation for this work: we aim to develop reduced-order models that ensure the resulting 
model is conservative globally and—more generally—over subdomains.

4. Proposed method

This section describes the proposed method, which equips the optimization problems characterizing the online ROM so-
lution with equality constraints that explicitly enforce conservation over subdomains. The approach requires no modification 
to the offline stage except when hyper-reduction is applied to the nonlinear terms appearing in the constraints. Section 4.1
introduces the concept of conservation over subdomains, Section 4.2 introduces conservative Galerkin projection, Section 4.3
describes conservative LSPG projection, Section 4.4 described approaches for handling infeasibility, and Section 4.5 describes 
hyper-reduction techniques applicable to objective function and constraint, and Section 4.6 describes snapshot-based (of-
fline) training procedures that may be used for generating the reduced-basis matrices required by the method.

4.1. Domain decomposition

To begin, we decompose the mesh M into subdomains, each of which comprises the union of control volumes. That 
is, we define a decomposed mesh M̄ of N"̄(≤ N") subdomains "̄i = ∪ j∈K⊆N(N")" j , i ∈ N(N"̄) with M̄ := {"̄i}N"̄

i=1. We 
note that the subdomains need not be non-overlapping, closed, or connected. Denoting the boundary of the ith subdomain 
by !̄i := ∂"̄i , we have !̄i = {x⃗ | ⃗x ∈ e, ∀e ∈ Ēi, i ∈ N(|Ēi |)} ⊆ ∪N"

j=1! j , i ∈ N(N"̄) with Ēi ⊆ E representing the set of faces 

belonging to the ith subdomain. We denote the full set of faces within the decomposed mesh by Ē := ∪N"̄
i=1Ēi ⊆ E . Fig. 1

depicts several decompositions that satisfy the above conditions. We emphasize that the subdomains can overlap, their 
union need not correspond to the global domain, and the global domain can be considered by employing M̄ = M̄global, 
which is characterized by N"̄ = 1 subdomain that corresponds to the global domain, i.e., "̄1 = " and !̄1 = !, as depicted 
in Fig. 1c.

Enforcing conservation (2.1) on each subdomain in the decomposed mesh yields

d
dt

∫

"̄ j

ui(x⃗, t;µ)dx⃗ +
∫

!̄ j

g i(x⃗, t;µ) · n̄ j(x⃗)ds⃗(x⃗) =
∫

"̄ j

si(x⃗, t;µ)dx⃗, i ∈ N(nu), j ∈ N(N"̄), (4.1)

where n̄ j : ! j → Rd denotes the unit normal to subdomain "̄ j . We propose applying a finite-volume discretization to 
Eq. (4.1) that operates on the decomposed mesh M̄. That is, we introduce a ‘decomposed’ state vector x̄ : RN × [0, T ] ×
D → RN̄ with N̄ = N"̄nu and elements

x̄Ī(i, j)(x, t;µ) = 1

|"̄ j|

∫

"̄ j

ui(x⃗, t;µ)dx⃗, i ∈ N(nu), j ∈ N(N"̄), (4.2)

where Ī : N(nu) × N(N"̄) → N(N̄) denotes a mapping from conservation-law index and subdomain index to decomposed 
degree of freedom. The decomposed state vector can be computed from the state vector x as

⌦̄1
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c̄Ī(i ,j),I(`,k) = |⌦k |/|⌦̄j |�i`I (⌦k ✓ ⌦̄j)
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‣ average	value	of	conserved	variable	i	over	subdomain	j

‣ flux	and	source	of	conserved	variable	i	within	subdomain	j

‣ rate	of	conserva=on	viola=on	of	conserved	variable	i	in	subdomain	j

[C̄r]Ī(i ,j) = d [C̄x(t)]Ī(i ,j)/dt � [C̄f(x, t)]Ī(i ,j)
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[C̄f(x, t)]Ī(i ,j) = � 1

|⌦̄j |

Z

�̄j

gi (x;~x , t)| {z }
flux

·n̄j(~x) d~s(~x) +
1

|⌦̄j |

Z

⌦̄j

si (x;~x , t)| {z }
source

d~x
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[C̄x(t)]Ī(i ,j)(x, t;µ) =
1

|⌦̄j |

Z

⌦̄j

ui (~x , t;µ) d~x
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O∆E: C̄r

n(xn) = 0, n = 1, ... ,T
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‣ conserva=on	viola=on	of	conserved	variable	i	in	subdomain	j	over	7me	step	n

[C̄rn]Ī(i ,j) = [C̄x(tn+1)]Ī(i ,j) � [C̄x(tn)]Ī(i ,j) +

Z tn+1

tn
[C̄f(x, t)]Ī(i ,j)dt
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Nested conservation

�17

Theorem:	Nested	conserva7on	[C.,	Choi,	Sargsyan,	2018]

‣ If	a	decomposed	mesh							is	nested	in	another	decomposed	mesh	
such	that																																																											,	then	we	say															.	

‣ If																	and							is	non-overlapping,	then	sa7sfac7on	of	
conserva7on	on							implies	sa7sfac7on	of	conserva7on	on						,	i.e.,

M̄
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¯̄M ✓ M̄
<latexit sha1_base64="Uxd0PyAq8N2XtcWUe+0rZjnJ4Kw="></latexit><latexit sha1_base64="Uxd0PyAq8N2XtcWUe+0rZjnJ4Kw="></latexit><latexit sha1_base64="Uxd0PyAq8N2XtcWUe+0rZjnJ4Kw="></latexit><latexit sha1_base64="Uxd0PyAq8N2XtcWUe+0rZjnJ4Kw="></latexit>

¯̄M ✓ M̄
<latexit sha1_base64="Uxd0PyAq8N2XtcWUe+0rZjnJ4Kw="></latexit><latexit sha1_base64="Uxd0PyAq8N2XtcWUe+0rZjnJ4Kw="></latexit><latexit sha1_base64="Uxd0PyAq8N2XtcWUe+0rZjnJ4Kw="></latexit><latexit sha1_base64="Uxd0PyAq8N2XtcWUe+0rZjnJ4Kw="></latexit>

M̄
<latexit sha1_base64="IryUTqKISTjEc+EXYBVBu/+2BcM="></latexit><latexit sha1_base64="IryUTqKISTjEc+EXYBVBu/+2BcM="></latexit><latexit sha1_base64="IryUTqKISTjEc+EXYBVBu/+2BcM="></latexit><latexit sha1_base64="IryUTqKISTjEc+EXYBVBu/+2BcM="></latexit>

M̄
<latexit sha1_base64="IryUTqKISTjEc+EXYBVBu/+2BcM="></latexit><latexit sha1_base64="IryUTqKISTjEc+EXYBVBu/+2BcM="></latexit><latexit sha1_base64="IryUTqKISTjEc+EXYBVBu/+2BcM="></latexit><latexit sha1_base64="IryUTqKISTjEc+EXYBVBu/+2BcM="></latexit>

◆
<latexit sha1_base64="kJtEamnw9+HVuASEJlYig9JMF/A="></latexit><latexit sha1_base64="kJtEamnw9+HVuASEJlYig9JMF/A="></latexit><latexit sha1_base64="kJtEamnw9+HVuASEJlYig9JMF/A="></latexit><latexit sha1_base64="kJtEamnw9+HVuASEJlYig9JMF/A="></latexit>

M̄
global

<latexit sha1_base64="zCuXXfuyxMEzjoc1p+KzPtxQcFM="></latexit><latexit sha1_base64="zCuXXfuyxMEzjoc1p+KzPtxQcFM="></latexit><latexit sha1_base64="zCuXXfuyxMEzjoc1p+KzPtxQcFM="></latexit><latexit sha1_base64="zCuXXfuyxMEzjoc1p+KzPtxQcFM="></latexit>

M
<latexit sha1_base64="Cj8UJp/AHMKUphGjoDRD45MmgZM="></latexit><latexit sha1_base64="Cj8UJp/AHMKUphGjoDRD45MmgZM="></latexit><latexit sha1_base64="Cj8UJp/AHMKUphGjoDRD45MmgZM="></latexit><latexit sha1_base64="Cj8UJp/AHMKUphGjoDRD45MmgZM="></latexit> M̄1

<latexit sha1_base64="+do+YM55gHgsHor0tF8sFb3pHak="></latexit><latexit sha1_base64="+do+YM55gHgsHor0tF8sFb3pHak="></latexit><latexit sha1_base64="+do+YM55gHgsHor0tF8sFb3pHak="></latexit><latexit sha1_base64="+do+YM55gHgsHor0tF8sFb3pHak="></latexit>

◆
<latexit sha1_base64="kJtEamnw9+HVuASEJlYig9JMF/A="></latexit><latexit sha1_base64="kJtEamnw9+HVuASEJlYig9JMF/A="></latexit><latexit sha1_base64="kJtEamnw9+HVuASEJlYig9JMF/A="></latexit><latexit sha1_base64="kJtEamnw9+HVuASEJlYig9JMF/A="></latexit>

◆
<latexit sha1_base64="kJtEamnw9+HVuASEJlYig9JMF/A="></latexit><latexit sha1_base64="kJtEamnw9+HVuASEJlYig9JMF/A="></latexit><latexit sha1_base64="kJtEamnw9+HVuASEJlYig9JMF/A="></latexit><latexit sha1_base64="kJtEamnw9+HVuASEJlYig9JMF/A="></latexit>

M̄2
<latexit sha1_base64="m2SnQICaLcmQ0Kg460SDKvblhdY="></latexit><latexit sha1_base64="m2SnQICaLcmQ0Kg460SDKvblhdY="></latexit><latexit sha1_base64="m2SnQICaLcmQ0Kg460SDKvblhdY="></latexit><latexit sha1_base64="m2SnQICaLcmQ0Kg460SDKvblhdY="></latexit>

¯̄M
<latexit sha1_base64="K0JZD2fVDBx4KlrWvznmzdG8KYQ="></latexit><latexit sha1_base64="K0JZD2fVDBx4KlrWvznmzdG8KYQ="></latexit><latexit sha1_base64="K0JZD2fVDBx4KlrWvznmzdG8KYQ="></latexit><latexit sha1_base64="K0JZD2fVDBx4KlrWvznmzdG8KYQ="></latexit>

C̄r(
dx

dt
, x, t) = 0 ) ¯̄

Cr(
dx

dt
, x, t) = 0, C̄r

n(xn) = 0 ) ¯̄
Cr

n(xn) = 0

<latexit sha1_base64="rK8B8R5NKaNOEB3A8bKHcUJB4NU="></latexit><latexit sha1_base64="rK8B8R5NKaNOEB3A8bKHcUJB4NU="></latexit><latexit sha1_base64="rK8B8R5NKaNOEB3A8bKHcUJB4NU="></latexit><latexit sha1_base64="rK8B8R5NKaNOEB3A8bKHcUJB4NU="></latexit>

Corollary:	Global	conserva7on	[C.,	Choi,	Sargsyan,	2018]

If	the	decomposed	mesh							sa7sfies																						and	is	non-overlapping,	
then	it	is	globally	conserva7ve.	

M̄
<latexit sha1_base64="8Y7yh7rHSRM9p9uNLNUERipepbc="></latexit><latexit sha1_base64="8Y7yh7rHSRM9p9uNLNUERipepbc="></latexit><latexit sha1_base64="8Y7yh7rHSRM9p9uNLNUERipepbc="></latexit><latexit sha1_base64="8Y7yh7rHSRM9p9uNLNUERipepbc="></latexit>

[N⌦̄
i=1⌦̄i = ⌦

<latexit sha1_base64="m3CFH3FzTI1S8xgry5UEgfimaY8="></latexit><latexit sha1_base64="m3CFH3FzTI1S8xgry5UEgfimaY8="></latexit><latexit sha1_base64="m3CFH3FzTI1S8xgry5UEgfimaY8="></latexit><latexit sha1_base64="m3CFH3FzTI1S8xgry5UEgfimaY8="></latexit>
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Conservative model reduction

 18

Conservative Galerkin Conservative LSPG
minimize

v̂2Rp
krn(�ˆv)k2

subject to

¯Crn(�ˆv) = 0
<latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit><latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit><latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit><latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit>

minimize

v̂2Rp
kr(�ˆ

v,�

ˆ

x, t)k2

subject to

¯

Cr(�

ˆ

v,�

ˆ

x, t) = 0

<latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit><latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit><latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit><latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit>

‣ Minimize	sum	of	squared	
conserva=on-viola=on	rates	
over	all	conserved	variables	and	
control	volumes	subject	to	zero	
conserva7on-viola7on	rates 
over	subdomains

‣ Minimize	sum	of	squared		
conserva=on	viola=ons		
over	=me	step	n	over	all	conserved	
variables	and	control	volumes	
subject	to	zero	conserva7on	
viola7ons	over	7me	step	n	over	
subdomains

+ If	feasible,	ROMs	enforce	conserva(on	over	subdomains
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Questions

�19

Conservative Galerkin Conservative LSPG
minimize

v̂2Rp
krn(�ˆv)k2

subject to

¯Crn(�ˆv) = 0
<latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit><latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit><latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit><latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit>

minimize

v̂2Rp
kr(�ˆ

v,�

ˆ

x, t)k2

subject to

¯

Cr(�

ˆ

v,�

ˆ

x, t) = 0

<latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit><latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit><latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit><latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit>

‣ What	are	condi7ons	for	feasibility?	
‣ How	to	handle	infeasibility?	
‣ How	to	solve?	
‣ Are	the	two	methods	ever	equivalent?	
‣ How	to	apply	hyper-reduc7on	in	a	structure-preserving	way?	
‣ How	do	a	posteriori	error	bounds	compare	with	standard	ROMs?
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Questions

�20

Conservative Galerkin Conservative LSPG
minimize

v̂2Rp
krn(�ˆv)k2

subject to

¯Crn(�ˆv) = 0
<latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit><latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit><latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit><latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit>

minimize

v̂2Rp
kr(�ˆ

v,�

ˆ

x, t)k2

subject to

¯

Cr(�

ˆ

v,�

ˆ

x, t) = 0

<latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit><latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit><latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit><latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit>

‣ What	are	condi=ons	for	feasibility?	
‣ How	to	handle	infeasibility?	
‣ How	to	solve?	
‣ Are	the	two	methods	ever	equivalent?	
‣ How	to	apply	hyper-reduc7on	in	a	structure-preserving	way?	
‣ How	do	a	posteriori	error	bounds	compare	with	standard	ROMs?
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Conservative Galerkin feasibility

�21

Defini=on:	conserva7ve	Galerkin	feasibility

Conservative Galerkin
minimize

v̂2Rp
kr(�ˆ

v,�

ˆ

x, t)k2

subject to

¯

Cr(�

ˆ

v,�

ˆ

x, t) = 0

<latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit><latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit><latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit><latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit>

The	conserva7ve	Galerkin	model	is	feasible	if	the	Galerkin	feasible	set	

is	non-empty.
FG(�x̂, t) := {v̂ 2 Rp | C̄r(�v̂,�x̂, t) = 0}

<latexit sha1_base64="OWOZtObqNy+RgPilrbqP5ubAyHc="></latexit><latexit sha1_base64="OWOZtObqNy+RgPilrbqP5ubAyHc="></latexit><latexit sha1_base64="OWOZtObqNy+RgPilrbqP5ubAyHc="></latexit><latexit sha1_base64="OWOZtObqNy+RgPilrbqP5ubAyHc="></latexit>

Proposi=on:	sufficient	condi7ons	for	conserva7ve	Galerkin	feasibility

The	conserva7ve	Galerkin	model	is	feasible,	i.e.,	
if									has	full	row	rank	(i.e.,	inf–sup	stability).	This	in	turn	requires	
fewer	constraints	(i.e.,	rows	in					)	than	unknowns	(i.e.,	columns	in				).

FG(�x̂, t) 6= ;
<latexit sha1_base64="Iz2rpd31kn72L9HTvpMh2VajcAY="></latexit><latexit sha1_base64="Iz2rpd31kn72L9HTvpMh2VajcAY="></latexit><latexit sha1_base64="Iz2rpd31kn72L9HTvpMh2VajcAY="></latexit><latexit sha1_base64="Iz2rpd31kn72L9HTvpMh2VajcAY="></latexit>

C̄�
<latexit sha1_base64="3DHkbeGdArGvczVGg8pHtGj0KoQ="></latexit><latexit sha1_base64="3DHkbeGdArGvczVGg8pHtGj0KoQ="></latexit><latexit sha1_base64="3DHkbeGdArGvczVGg8pHtGj0KoQ="></latexit><latexit sha1_base64="3DHkbeGdArGvczVGg8pHtGj0KoQ="></latexit>

C̄
<latexit sha1_base64="hssgqEGaIyQs3kryR+1MZM8sis8="></latexit><latexit sha1_base64="hssgqEGaIyQs3kryR+1MZM8sis8="></latexit><latexit sha1_base64="hssgqEGaIyQs3kryR+1MZM8sis8="></latexit><latexit sha1_base64="hssgqEGaIyQs3kryR+1MZM8sis8="></latexit>

�
<latexit sha1_base64="BgP1n/rgxgcT3rQCVp1V0n/C4nA="></latexit><latexit sha1_base64="BgP1n/rgxgcT3rQCVp1V0n/C4nA="></latexit><latexit sha1_base64="BgP1n/rgxgcT3rQCVp1V0n/C4nA="></latexit><latexit sha1_base64="BgP1n/rgxgcT3rQCVp1V0n/C4nA="></latexit>

Constraint	equa(ons	should	be	underdetermined.
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Conservative LSPG feasibility

�22

Defini=on:	conserva7ve	LSPG	feasibility

The	conserva7ve	LSPG	model	is	feasible	if	the	LSPG	feasible	set	

is	non-empty.

Conservative LSPG
minimize

v̂2Rp
krn(�ˆv)k2

subject to

¯Crn(�ˆv) = 0
<latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit><latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit><latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit><latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit>

Fn
P := {v̂ 2 Rp | C̄rn(�v̂) = 0}

<latexit sha1_base64="a6dT4kBlAzMXKhQbqH1CGj21o5c="></latexit><latexit sha1_base64="a6dT4kBlAzMXKhQbqH1CGj21o5c="></latexit><latexit sha1_base64="a6dT4kBlAzMXKhQbqH1CGj21o5c="></latexit><latexit sha1_base64="a6dT4kBlAzMXKhQbqH1CGj21o5c="></latexit>

Proposi=on:	sufficient	condi7ons	for	conserva7ve	LSPG	feasibility

The	conserva7ve	LSPG	model	is	feasible,	i.e.,																if	
1.	an	explicit	7me	integrator	is	used	and									has	full	row	rank	
2.	the	limit																		is	taken,	or	
3.	The	velocity				is	linear	in	the	state	and		
		has	full	row	rank.

Fn
P 6= ;

<latexit sha1_base64="Y9AcYf9uHMVcRhoIty8VvCzUXZw="></latexit><latexit sha1_base64="Y9AcYf9uHMVcRhoIty8VvCzUXZw="></latexit><latexit sha1_base64="Y9AcYf9uHMVcRhoIty8VvCzUXZw="></latexit><latexit sha1_base64="Y9AcYf9uHMVcRhoIty8VvCzUXZw="></latexit>

C̄�
<latexit sha1_base64="3DHkbeGdArGvczVGg8pHtGj0KoQ="></latexit><latexit sha1_base64="3DHkbeGdArGvczVGg8pHtGj0KoQ="></latexit><latexit sha1_base64="3DHkbeGdArGvczVGg8pHtGj0KoQ="></latexit><latexit sha1_base64="3DHkbeGdArGvczVGg8pHtGj0KoQ="></latexit>

�t ! 0
<latexit sha1_base64="RGa7snpFwavbWeioFAdjfNftJ2I="></latexit><latexit sha1_base64="RGa7snpFwavbWeioFAdjfNftJ2I="></latexit><latexit sha1_base64="RGa7snpFwavbWeioFAdjfNftJ2I="></latexit><latexit sha1_base64="RGa7snpFwavbWeioFAdjfNftJ2I="></latexit>

C̄[↵0I��t�0@f/@x(·, tn)]�
<latexit sha1_base64="uy0kP/hV5YJ40k98NhR/t6w2NOc="></latexit><latexit sha1_base64="uy0kP/hV5YJ40k98NhR/t6w2NOc="></latexit><latexit sha1_base64="uy0kP/hV5YJ40k98NhR/t6w2NOc="></latexit><latexit sha1_base64="uy0kP/hV5YJ40k98NhR/t6w2NOc="></latexit>

f
<latexit sha1_base64="OB3xqNA2yJk4DyXZtzS1+JbBUZo="></latexit><latexit sha1_base64="OB3xqNA2yJk4DyXZtzS1+JbBUZo="></latexit><latexit sha1_base64="OB3xqNA2yJk4DyXZtzS1+JbBUZo="></latexit><latexit sha1_base64="OB3xqNA2yJk4DyXZtzS1+JbBUZo="></latexit>

Constraint	equa(ons	should	be	underdetermined.
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Questions

�23

Conservative Galerkin Conservative LSPG
minimize

v̂2Rp
krn(�ˆv)k2

subject to

¯Crn(�ˆv) = 0
<latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit><latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit><latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit><latexit sha1_base64="yN+nNsfuQDi4F/LeZd7kWFC1Fz4="></latexit>

minimize

v̂2Rp
kr(�ˆ

v,�

ˆ

x, t)k2

subject to

¯

Cr(�

ˆ

v,�

ˆ

x, t) = 0

<latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit><latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit><latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit><latexit sha1_base64="qqXo1X/70w5J4On326EQ9XMaKlI="></latexit>

‣ What	are	condi7ons	for	feasibility?	
‣ How	to	handle	infeasibility?	
‣ How	to	solve?	
‣ Are	the	two	methods	ever	equivalent?	
‣ How	to	apply	hyper-reduc7on	in	a	structure-preserving	way?	
‣ How	do	a	posteriori	error	bounds	compare	with	standard	ROMs?



/38

Carlberg,	Choi,	SargsyanConserva=ve	model	reduc=on	for	finite-volume	models	in	CFD

Handling infeasibility

�24

What	if	infeasibility	is	detected?

1. Reduce	number	of	subdomains	

+	Fewer	constraints,	so	likelihood	of	feasibility	increases	
+	Nested:	solu7ons	at	previous	7me	steps	are	feasible	on	new	mesh	
- 	No	guarantee	of	feasibility	(global	conserva7on	may	be	infeasible)

2. Penalty	formula7on	
‣ Penalized	Galerkin:	

‣ Penalized	LSPG:	

+	Always	solvable	

- 	No	longer	strictly	conserva7ve

minimize
v̂2Rp

krn(�v̂)k22 + ⇢kC̄rn(x0(µ) +�v̂)k22
<latexit sha1_base64="9oUYSSL1DnOHRXWMhWKFSIpMDfM="></latexit><latexit sha1_base64="9oUYSSL1DnOHRXWMhWKFSIpMDfM="></latexit><latexit sha1_base64="9oUYSSL1DnOHRXWMhWKFSIpMDfM="></latexit><latexit sha1_base64="9oUYSSL1DnOHRXWMhWKFSIpMDfM="></latexit>

minimize
v̂2Rp

kr(�v̂,�x̂, t)k22 + ⇢kC̄r(�v̂,�x̂, t)k22
<latexit sha1_base64="wul++mOQKDwfnId8BxlbMfsfUb4="></latexit><latexit sha1_base64="wul++mOQKDwfnId8BxlbMfsfUb4="></latexit><latexit sha1_base64="wul++mOQKDwfnId8BxlbMfsfUb4="></latexit><latexit sha1_base64="wul++mOQKDwfnId8BxlbMfsfUb4="></latexit>
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Questions

�25

Conservative Galerkin Conservative LSPG
minimize

v̂2Rp
krn(�ˆv)k2

subject to

¯Crn(�ˆv) = 0
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minimize

v̂2Rp
kr(�ˆ

v,�

ˆ

x, t)k2

subject to

¯

Cr(�

ˆ

v,�

ˆ

x, t) = 0
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‣ What	are	condi7ons	for	feasibility?	
‣ How	to	handle	infeasibility?	
‣ How	to	solve?	
‣ Are	the	two	methods	ever	equivalent?	
‣ How	to	apply	hyper-reduc7on	in	a	structure-preserving	way?	
‣ How	do	a	posteriori	error	bounds	compare	with	standard	ROMs?
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Conservative Galerkin

�26

minimize

v̂2Rp
kr(�ˆ

v,�

ˆ

x, t)k2

subject to

¯

Cr(�

ˆ

v,�

ˆ

x, t) = 0
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Theorem

If	the	conserva7ve	Galerkin	model	is	feasible,	i.e.,														,		
then	its	solu7on	exists,	is	unique,	and	sa7sfies	the	following:	
1.	a	7me-dependent	saddle	point	problem	

2.	a	modified	Galerkin	projec7on	

3.	orthogonal	projec7on	of	the	Galerkin	velocity	onto	the	feasible	set

FG(�x̂, t) 6= ;
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d x̂

dt
(�x̂, t) = argmin

v2FG(�x̂,t)
kv ��

T
f(�x̂, t)k2
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"
I �

T
C̄

T

C̄� 0

# 
d x̂
dt
d�G
dt

�
=


�

T
f(�x̂, t)

C̄f(�x̂, t;µ)

�
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d x̂

dt
= �

T
f(�x̂, t) + (C̄�)+[C̄f(x, t;⌫)� C̄��

T
f(x, t)]| {z }

modification from Galerkin velocity
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‣ Solver:	any	7me	integrator	applied	to	these	systems	of	ODEs

Convex	linear	least-squares	problem	with	linear	equality	constraints
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Conservative LSPG

�27

minimize

v̂2Rp
krn(�ˆv)k2

subject to

¯Crn(�ˆv) = 0
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Non-convex	nonlinear	least-squares	problem	with		
nonlinear	equality	constraints

Theorem

If	the	conserva7ve	LSPG	model	is	feasible,	i.e.,														,	then	its	
solu7on	exists	and	sa7sfies	the	nonlinear	saddle-point	problem

Fn
P 6= ;
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n(x̂n)T
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r
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T
�n
P

i
= 0

C̄r
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‣ Solver:	SQP	with	Gauss–Newton	Hessian	approxima7on"
 

n(x̂n(k))T n(x̂n(k))  

n(x̂n(k))T C̄
T

C̄ 

n(x̂n(k)) 0

# 
�x̂n(k)

��n(k)
P

�

= �
"
 

n(x̂n(k))T
⇣
r
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T
�n(k)
P

⌘
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#
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Questions

�28

Conservative Galerkin Conservative LSPG
minimize

v̂2Rp
krn(�ˆv)k2

subject to

¯Crn(�ˆv) = 0
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minimize

v̂2Rp
kr(�ˆ

v,�

ˆ

x, t)k2

subject to

¯

Cr(�

ˆ

v,�

ˆ

x, t) = 0
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‣ What	are	condi7ons	for	feasibility?	
‣ How	to	handle	infeasibility?	
‣ How	to	solve?	
‣ Are	the	two	methods	ever	equivalent?	
‣ How	to	apply	hyper-reduc7on	in	a	structure-preserving	way?	
‣ How	do	a	posteriori	error	bounds	compare	with	standard	ROMs?
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Are the two approaches ever equivalent?

�29

Conserva=ve	Galerkin	O∆E Conserva=ve	LSPG	O∆E

Theorem:	equivalence
The	two	approaches	are	equivalent	(with														)		
1.	in	the	limit	of															,	or	
2.	if	the	scheme	is	explicit															.	
	Further,	the	Lagrange	mul7pliers	are	related	as

�t ! 0
(�0 = 0)

a = ↵0
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n�j
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T
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and

These	are	equivalent	if,	for	some	constant				,a
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Questions

�30

Conservative Galerkin Conservative LSPG
minimize

v̂2Rp
krn(�ˆv)k2

subject to

¯Crn(�ˆv) = 0
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minimize

v̂2Rp
kr(�ˆ

v,�
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x, t)k2

subject to

¯
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ˆ

v,�
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x, t) = 0
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‣ What	are	condi7ons	for	feasibility?	
‣ How	to	handle	infeasibility?	
‣ How	to	solve?	
‣ Are	the	two	methods	ever	equivalent?	
‣ How	to	apply	hyper-reduc=on	in	a	structure-preserving	way?	
‣ How	do	a	posteriori	error	bounds	compare	with	standard	ROMs?
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Hyper-reduction for finite-volume models

�31

1. Residual	gappy	POD:
2. Velocity	gappy	POD:					and						computed	from	

r̃n = �r(Pr�r)
+Prr

n
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,
f̃ = �f(Pf�f)

+Pff
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‣ 				and						computed	from																							where	
+Structure	preserving:	approximated	velocity	is	sum	of	flux	and	source	
+	Less	expensive:	no	need	to	compute	all	fluxes	for	a	control	volume

r̃
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flux	
gappy	POD

source	
gappy	POD

minimize
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subject to

¯Crn(�ˆv) = 0
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+	Can	apply	different	hyper-reduc7on	to	the	objec7ve				and	constraints					
- 	Constraint	hyper-reduc7on:	no	longer	strictly	conserva7ve	
+	Constraint	hyper-reduc7on:	unneeded	if	no	source	and	few	subdomains

3. Flux	and	source	gappy	POD

r̃
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Conservative Galerkin Conservative LSPG
minimize

v̂2Rp
krn(�ˆv)k2

subject to

¯Crn(�ˆv) = 0
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‣ What	are	condi7ons	for	feasibility?	
‣ How	to	handle	infeasibility?	
‣ How	to	solve?	
‣ Are	the	two	methods	ever	equivalent?	
‣ How	to	apply	hyper-reduc7on	in	a	structure-preserving	way?	
‣ How	do	a	posteriori	error	bounds	compare	with	standard	ROMs?
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Theorem:	state-space	error	bounds	[C.,	Barone,	An7l,	2017]

If	the	following	condi7ons	hold:	
1.													is	Lipschitz	con7nuous	with	Lipschitz	constant	
2.	The	7me	step								is	small	enough	such	that																																											,	
3.	A	backward	differen7a7on	formula	(BDF)	7me	integrator	is	used,

f(·; t) 

0 < h := |↵0|� |�0|�t�t

+ LSPG	sequen7ally	minimizes	the	error	bound

kxn ��x̂

n
Gk2 

1

h
krnG(�x̂

n
G)k2+

1

h

kX

`=1

|↵`|kxn�` ��x̂

n�`
G k2

kxn ��x̂

n
LSPGk2 

1

h
min
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krnLSPG(�v̂)k2+
1

h

kX

`=1

|↵`|kxn�` ��x̂

n�`
LSPGk2
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Theorem:	local	state-space	error	bounds

If	the	following	condi7ons	hold:	
1.													is	Lipschitz	con7nuous	with	Lipschitz	constant	
2.	The	7me	step								is	small	enough	such	that																																											,	
3.	A	backward	differen7a7on	formula	(BDF)	7me	integrator	is	used,	

‣ 																														,																																																						,	
‣ 																										,

f(·; t) 

0 < h := |↵0|� |�0|�t�t

- State-space	error	bound	is	larger	for	both	models	
- LSPG	no	longer	strictly	minimizes	the	residual
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Lemma:	local	conserved-quan7ty	error	bounds

The	error	in	the	conserved	quan77es	computed	with	either	
conserva7ve	Galerkin	or	conserva7ve	LSPG	can	be	bounded	as:

kC̄(xn ��x̂

n)k2 
kX

`=0

|�n
` |�t

|↵n
0|

kC̄f(xn�`)� C̄f(�x̂

n�`)k2

+
kX

`=1

|↵n
` |

|↵n
0|
kC̄(xn�` ��x̂

n�`)k2
<latexit sha1_base64="9xDJKdX9DKE5pZ2hXJ9p60HRq3I="></latexit><latexit sha1_base64="9xDJKdX9DKE5pZ2hXJ9p60HRq3I="></latexit><latexit sha1_base64="9xDJKdX9DKE5pZ2hXJ9p60HRq3I="></latexit><latexit sha1_base64="9xDJKdX9DKE5pZ2hXJ9p60HRq3I="></latexit>

‣ Error	depends	only	on	velocity	error	on	decomposed	mesh	
+ No	source,	global	conserva7on:	error	due	to	flux	error	along	boundary!
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304 K. Carlberg et al. / Journal of Computational Physics 371 (2018) 280–314

Fig. 2. Quasi-1D Euler. Problem geometry for the converging–diverging nozzle.

6.1. Problem description: quasi-1D Euler equation

We consider a parameterized quasi-1D Euler equation associated with modeling inviscid compressible flow in a one-
dimensional converging–diverging nozzle with a continuously varying cross-sectional area [40, Chapter 13]; Fig. 2 depicts 
the problem geometry. In integral form, the governing equations are:

d
dt

∫

ω

A(x)ρ(x, t;µ)dx +
∫

γ

A(x)ρ(x, t;µ)u(x, t;µ)sign(n(x))ds(x) = 0

d
dt

∫

ω

A(x)ρ(x, t;µ)u(x, t;µ)dx +
∫

γ

A(x)
(
ρ(x, t;µ)u(x, t;µ)2 + p(x, t;µ)

)
sign(n(x))ds(x)

=
∫

ω

p(x, t;µ)
∂ A
∂x

(x, t;µ)dx

d
dt

∫

ω

A(x)e(x, t;µ)dx +
∫

γ

A(x)(e(x, t;µ) + p(x, t;µ))u(x, t;µ)sign(n(x))ds(x) = 0,

∀ω ⊆ % = [0, L]. Thus, the governing system of nonlinear partial differential equations is consistent with the conservation-
law formulation in Eq. (2.1) with d = 1 spatial dimension, nu = 3 conserved variables corresponding to density u1 = Aρ , 
momentum u2 = Aρu, and energy density u3 = Ae. The flux corresponds to g1 = Aρu, g2 = A(ρu2 + p), and g3 = A(e + p)u, 
and the source corresponds to s1 = s3 = 0 and s2 = p ∂ A

∂x . In addition, we have p = (γ − 1)ρϵ , ϵ = e
ρ − u2

2 , and assume a 
perfect gas (i.e., p = ρRT ). Here, ρ denotes density, u denotes velocity, p denotes pressure, ϵ denotes potential energy per 
unit mass, e denotes total energy density, γ denotes the specific heat ratio, and A denotes the converging–diverging nozzle 
cross-sectional area. We employ a specific heat ratio of γ = 1.3 and a specific gas constant of R = 355.4 m2/s2/K. The 
spatial domain is % = [0, L] with L = 0.25 m. The cross-sectional area A(x) is determined by a cubic spline interpolation 
over the points

(x, A(x)) ∈ {(0,0.035), (0.0208,0.0275), (0.0417,0.0206), (0.0625,0.0145), (0.0833,0.0097),

(0.104,0.0066), (0.125,0.0055), (0.146,0.0067), (0.1667,0.0107), (0.188,0.0178),

(0.208,0.0283), (0.229,0.0427), (0.25,0.0612)}.
(6.1)

The final time is T = 0.29 s, and we employ the backward Euler scheme with a uniform time step of 't = 0.01 s for time 
discretization. We declare convergence of the Newton(-like) solver at each time instance when the ℓ2-norm of the residual 
reaches 1 × 10−5 of its value with the initial guess, which is provided by the solution at the previous time instance.

The initial flow field is created in several steps. First, the following isentropic relations are used to generate a zero 
pressure-gradient flow field at the inlet (x = 0 m) and the outlet (x = 0.25 m):

M(x) = Mm Am

A(x)

(
1 + γ −1

2 M(x)2

1 + γ −1
2 M2

m

) γ +1
2(γ −1)

, x ∈ {0,0.25} m, (6.2)

where a subscript m indicates the flow quantity at x = 0.125 m, and M denotes the Mach number. The initial Mach number 
at the middle of the domain is employed as the problem parameter (i.e., µ = Mm with nµ = 1), from which the initial 
distribution of the Mach number is defined according to a cubic-spline interpolation with points {M(0), µ, M(0.25)}. Then, 
we use the following relations to obtain the rest of the initial flow field for x ∈ %:

p(x) = pt

(
1 + γ − 1

2
M(x)2

) −γ
γ −1

, T (x) = Tt

(
1 + γ − 1

2
M(x)2

)−1

, (6.3)

‣ 3	conserved	variables:	
‣ Flux:	
‣ Source:		
‣ Domain	length:		
‣ Time	domain:		
‣ Time	integra7on:	backward	Euler	with			
‣ Parameter:	the	ini7al	Mach	number	at	the	domain	center	
‣ Considered	ROMs:	
‣ Galerkin	
‣ LSPG	
‣ LSPG-FV

u1 = A⇢, u2 = A⇢u, u3 = Ae
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g1 = A⇢u, g2 = A(⇢u2 + p), g3 = A(e + p)u
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s1 = s3 = 0, s2 = p @A
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‣ GNAT:	hyper-reduced	objec7ve	
‣ GNAT-FV:	hyper-reduced	objec7ve	
‣ GNAT-FV(GNAT-FV):	hyper-reduced	objec7ve	&	constraints
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Fig. 6. One-dimensional Euler equation. Method comparison over time as described in Section 6.6, with conservative methods enforcing global conservation. 
Each curve depicts the time evolution of a given error measure for a given ROM. Each row of subfigures corresponds to a different error measure; the left 
and right subfigure columns correspond to cases N! = 500 and N! = 1000, respectively. Note that the missing data for the LSPG method corresponds to 
time instances after a negative pressure was generated, thus causing the simulation to end.

Table 1
One-dimensional Euler equation. Timings for the ROM methods assessed in Section 6.6. Here, all ROMs that employ constraints enforce global conservation, 
i.e., N̄ = 3 and M̄ = M̄global . We set reduced-basis dimensions to p = 5 and pr = ph = ps = 20. ROM methods that use hyper-reduction employ a sample 
mesh with 20 control volumes.

Method FOM Galerkin LSPG LSPG-FV GNAT GNAT-FV GNAT-FV(GNAT-FV)

wall time (seconds) 
for N! = 500

40.9 29.1 N/A 31.9 13.1 11.1 8.1

wall time (seconds) 
for N! = 1000

81.2 52.2 N/A 58.6 19.8 18.4 14.4
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- Standard	ROMs:	significant	global-conserva7on	viola7on

�37
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Fig. 6. One-dimensional Euler equation. Method comparison over time as described in Section 6.6, with conservative methods enforcing global conservation. 
Each curve depicts the time evolution of a given error measure for a given ROM. Each row of subfigures corresponds to a different error measure; the left 
and right subfigure columns correspond to cases N! = 500 and N! = 1000, respectively. Note that the missing data for the LSPG method corresponds to 
time instances after a negative pressure was generated, thus causing the simulation to end.

Table 1
One-dimensional Euler equation. Timings for the ROM methods assessed in Section 6.6. Here, all ROMs that employ constraints enforce global conservation, 
i.e., N̄ = 3 and M̄ = M̄global . We set reduced-basis dimensions to p = 5 and pr = ph = ps = 20. ROM methods that use hyper-reduction employ a sample 
mesh with 20 control volumes.

Method FOM Galerkin LSPG LSPG-FV GNAT GNAT-FV GNAT-FV(GNAT-FV)

wall time (seconds) 
for N! = 500

40.9 29.1 N/A 31.9 13.1 11.1 8.1

wall time (seconds) 
for N! = 1000

81.2 52.2 N/A 58.6 19.8 18.4 14.4
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- Standard	ROMs:	significant	global-conserva7on	viola7on
+ Conserva7ve	ROMs:	global	conserva7on	sa7sfied	(always	feasible)
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Fig. 6. One-dimensional Euler equation. Method comparison over time as described in Section 6.6, with conservative methods enforcing global conservation. 
Each curve depicts the time evolution of a given error measure for a given ROM. Each row of subfigures corresponds to a different error measure; the left 
and right subfigure columns correspond to cases N! = 500 and N! = 1000, respectively. Note that the missing data for the LSPG method corresponds to 
time instances after a negative pressure was generated, thus causing the simulation to end.

Table 1
One-dimensional Euler equation. Timings for the ROM methods assessed in Section 6.6. Here, all ROMs that employ constraints enforce global conservation, 
i.e., N̄ = 3 and M̄ = M̄global . We set reduced-basis dimensions to p = 5 and pr = ph = ps = 20. ROM methods that use hyper-reduction employ a sample 
mesh with 20 control volumes.

Method FOM Galerkin LSPG LSPG-FV GNAT GNAT-FV GNAT-FV(GNAT-FV)

wall time (seconds) 
for N! = 500

40.9 29.1 N/A 31.9 13.1 11.1 8.1

wall time (seconds) 
for N! = 1000

81.2 52.2 N/A 58.6 19.8 18.4 14.4
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- Standard	ROMs:	significant	global-conserva7on	viola7on
+ Conserva7ve	ROMs:	global	conserva7on	sa7sfied	(always	feasible)
+ Hyper-reduced	constraints:	rela7vely	small	global-conserva7on	viola7on
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- Standard	ROMs:	can	produce	large	errors	in	conserved	quan77es
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Fig. 6. One-dimensional Euler equation. Method comparison over time as described in Section 6.6, with conservative methods enforcing global conservation. 
Each curve depicts the time evolution of a given error measure for a given ROM. Each row of subfigures corresponds to a different error measure; the left 
and right subfigure columns correspond to cases N! = 500 and N! = 1000, respectively. Note that the missing data for the LSPG method corresponds to 
time instances after a negative pressure was generated, thus causing the simulation to end.

Table 1
One-dimensional Euler equation. Timings for the ROM methods assessed in Section 6.6. Here, all ROMs that employ constraints enforce global conservation, 
i.e., N̄ = 3 and M̄ = M̄global . We set reduced-basis dimensions to p = 5 and pr = ph = ps = 20. ROM methods that use hyper-reduction employ a sample 
mesh with 20 control volumes.

Method FOM Galerkin LSPG LSPG-FV GNAT GNAT-FV GNAT-FV(GNAT-FV)

wall time (seconds) 
for N! = 500

40.9 29.1 N/A 31.9 13.1 11.1 8.1

wall time (seconds) 
for N! = 1000

81.2 52.2 N/A 58.6 19.8 18.4 14.4
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- Standard	ROMs:	can	produce	large	errors	in	conserved	quan77es
+ Conserva7ve	ROMs:	small	(but	nonzero)	errors	in	conserved	quan77es
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Fig. 6. One-dimensional Euler equation. Method comparison over time as described in Section 6.6, with conservative methods enforcing global conservation. 
Each curve depicts the time evolution of a given error measure for a given ROM. Each row of subfigures corresponds to a different error measure; the left 
and right subfigure columns correspond to cases N! = 500 and N! = 1000, respectively. Note that the missing data for the LSPG method corresponds to 
time instances after a negative pressure was generated, thus causing the simulation to end.

Table 1
One-dimensional Euler equation. Timings for the ROM methods assessed in Section 6.6. Here, all ROMs that employ constraints enforce global conservation, 
i.e., N̄ = 3 and M̄ = M̄global . We set reduced-basis dimensions to p = 5 and pr = ph = ps = 20. ROM methods that use hyper-reduction employ a sample 
mesh with 20 control volumes.

Method FOM Galerkin LSPG LSPG-FV GNAT GNAT-FV GNAT-FV(GNAT-FV)

wall time (seconds) 
for N! = 500

40.9 29.1 N/A 31.9 13.1 11.1 8.1

wall time (seconds) 
for N! = 1000

81.2 52.2 N/A 58.6 19.8 18.4 14.4
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+ Conserva7ve	ROMs:	smaller	state-space	errors	
‣ Similar	behavior	of	full-state	error	and	globally-conserved	quan7ty	error!	
+ Implies	sa7sfying	global	conserva7on	can	improve	overall	accuracy
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Fig. 6. One-dimensional Euler equation. Method comparison over time as described in Section 6.6, with conservative methods enforcing global conservation. 
Each curve depicts the time evolution of a given error measure for a given ROM. Each row of subfigures corresponds to a different error measure; the left 
and right subfigure columns correspond to cases N! = 500 and N! = 1000, respectively. Note that the missing data for the LSPG method corresponds to 
time instances after a negative pressure was generated, thus causing the simulation to end.

Table 1
One-dimensional Euler equation. Timings for the ROM methods assessed in Section 6.6. Here, all ROMs that employ constraints enforce global conservation, 
i.e., N̄ = 3 and M̄ = M̄global . We set reduced-basis dimensions to p = 5 and pr = ph = ps = 20. ROM methods that use hyper-reduction employ a sample 
mesh with 20 control volumes.

Method FOM Galerkin LSPG LSPG-FV GNAT GNAT-FV GNAT-FV(GNAT-FV)

wall time (seconds) 
for N! = 500

40.9 29.1 N/A 31.9 13.1 11.1 8.1

wall time (seconds) 
for N! = 1000

81.2 52.2 N/A 58.6 19.8 18.4 14.4
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Varying number of subdomains
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+ Global	conserva7on	yields	the	best	performance	
+ Global	conserva7on	reduces	errors	by	10X	from	the	unconstrained	case
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+ GNAT-FV(GNAT-FV)	(hyper-reduced	objec7ve/constraints):	Pareto	op7mal
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Table 2
One-dimensional Euler equation. Parameters varied for different ROMs to generate the Pareto 
fronts reported in Fig. 7 as described in Section 6.6.

Method LSPG, LSPG-FV GNAT, GNAT-FV, GNAT-FV(GNAT-FV)

p {4,5,6} {4,5,6}
np,r = np,s = np,h {60,90}
pr {10,20,30}
ph {10 + 5 j}4

j=0

ps {10 + 5 j}4
j=0

Fig. 7. One-dimensional Euler equation. Pareto-optimal performance of various methods after varying model parameters reported in Table 2 for N! = 500 as 
described in Section 6.6. Wall times are reported relative to that of the FOM simulation. Note that the Pareto-optimal ROM methods in terms of minimizing 
error and wall time are the proposed GNAT-FV and GNAT-FV(GNAT-FV) methods.

by a minimum-residual objective function and nonlinear equality constraints formulated at the time-continuous and time-
discrete levels, respectively. We equipped these methods with techniques for handling infeasible constraints, and we also 
developed hyper-reduction methods to ensure low-cost ROM simulations in the presence of nonlinear flux or source terms.

We performed analysis that demonstrated commutativity of conservative Galerkin projection and time discretization, 
developed sufficient conditions for feasibility, demonstrated conditions under which conservative Galerkin and conservative 
LSPG models are equivalent, and derived a posteriori error bounds. Numerical experiments on a model problem highlighted 
the benefit of conservative projection, and also demonstrated that enforcing global conservation led to the most accurate 
results.

Future work involves implementing the proposed techniques in a production-level computational fluid-dynamics code, 
demonstrating the methods on truly large-scale finite-volume models, and investigating combining the methodology with 
space–time projection approaches [56,11,20], as these techniques have demonstrated error bounds that grow slowly in time.
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developed hyper-reduction methods to ensure low-cost ROM simulations in the presence of nonlinear flux or source terms.

We performed analysis that demonstrated commutativity of conservative Galerkin projection and time discretization, 
developed sufficient conditions for feasibility, demonstrated conditions under which conservative Galerkin and conservative 
LSPG models are equivalent, and derived a posteriori error bounds. Numerical experiments on a model problem highlighted 
the benefit of conservative projection, and also demonstrated that enforcing global conservation led to the most accurate 
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Future work involves implementing the proposed techniques in a production-level computational fluid-dynamics code, 
demonstrating the methods on truly large-scale finite-volume models, and investigating combining the methodology with 
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+ GNAT-FV(GNAT-FV)	(hyper-reduced	objec7ve/constraints):	Pareto	op7mal
+ GNAT-FV	(hyper-reduced	objec7ve,	exact	constraints):	second-best
- GNAT	(hyper-reduced	objec7ve,	no	constraints):	dominated
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by a minimum-residual objective function and nonlinear equality constraints formulated at the time-continuous and time-
discrete levels, respectively. We equipped these methods with techniques for handling infeasible constraints, and we also 
developed hyper-reduction methods to ensure low-cost ROM simulations in the presence of nonlinear flux or source terms.

We performed analysis that demonstrated commutativity of conservative Galerkin projection and time discretization, 
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Conclusions

+ Reduced-order	models	that	enforce	conserva7on		
+ Condi7ons	that	determine	when	conserva7on	enforcement	is	ensured	
+ Ways	to	handle	infeasibility	
+ Structure-preserving	hyper-reduc7on	that	respects	the	velocity	structure	
+ A	posteriori	error	bounds	
‣ Numerical	experiments:	
+ global	conserva7on	can	reduce	errors	by	10X	
+ hyper-reduced	constraints	nearly	as	accurate	as	strict	constraints
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Fig. 6. One-dimensional Euler equation. Method comparison over time as described in Section 6.6, with conservative methods enforcing global conservation. 
Each curve depicts the time evolution of a given error measure for a given ROM. Each row of subfigures corresponds to a different error measure; the left 
and right subfigure columns correspond to cases N! = 500 and N! = 1000, respectively. Note that the missing data for the LSPG method corresponds to 
time instances after a negative pressure was generated, thus causing the simulation to end.

Table 1
One-dimensional Euler equation. Timings for the ROM methods assessed in Section 6.6. Here, all ROMs that employ constraints enforce global conservation, 
i.e., N̄ = 3 and M̄ = M̄global . We set reduced-basis dimensions to p = 5 and pr = ph = ps = 20. ROM methods that use hyper-reduction employ a sample 
mesh with 20 control volumes.

Method FOM Galerkin LSPG LSPG-FV GNAT GNAT-FV GNAT-FV(GNAT-FV)

wall time (seconds) 
for N! = 500

40.9 29.1 N/A 31.9 13.1 11.1 8.1

wall time (seconds) 
for N! = 1000

81.2 52.2 N/A 58.6 19.8 18.4 14.4
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Conservative LSPG

minimize

v̂2Rp
krn(�ˆv)k2

subject to

¯Crn(�ˆv) = 0
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Conservative Galerkin
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