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Nonlinear	model	reduction	
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High-fidelity simulation

 2

computa>onal	barrier

+ Indispensable	across	science,	engineering,	and	entertainment	

- High	fidelity:	extreme-scale	computaEonal	models
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High-fidelity simulation

computaDonal	barrier

๏ uncertainty	propagaDon ๏mulD-objecDve	opDmizaDon

+ Indispensable	across	science	and	engineering	
- High	fidelity:	extreme-scale	nonlinear	dynamical	system	models

Many-query problems

๏ Bayesian	inference ๏ stochasDc	opDmizaDon

Magnetohydrodynamics	
courtesy	J.	Shadid,	Sandia

Turbulent	reac5ng	flows		
courtesy	J.	Chen,	Sandia

Antarc5c	ice	sheet	modeling		
courtesy	R.	Tuminaro,	Sandia
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๏model	predicEve	control ๏ interacEve	virtual	environment

๏ health	monitoring ๏ design	opEmizaEon

Time-critical problems
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Approach: exploit simulation data

�3

Idea:	exploit	simula(on	data	collected	at	a	few	points

D

1. Training:	Solve	ODE	for																							and	collect	simulaEon	data	

2. Machine	learning:	IdenEfy	structure	in	data
3. Reduc(on:	Reduce	cost	of	ODE	solve	for

Time-cri(cal	problem:	rapidly	solve	ODE	for	µ 2 Dquery

µ 2 Dtraining

µ 2 Dquery \ Dtraining

ODE:
dx
dt

= f(x; t,µ), x(0,µ) = x0(µ), t 2 [0,Tfinal], µ 2 D
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Model reduction criteria
1. Accuracy:	achieves	<1%	error

2. Low	cost:	achieves	>100x	computaEonal	savings

�4
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Model reduction criteria
1. Accuracy:	achieves	<1%	error

2. Low	cost:	achieves	>100x	computaEonal	savings

3. Structure	preserva(on:	preserves	important	physical	properEes

4. Generaliza(on:	always	works,	even	in	difficult	cases

5. Cer(fica(on:	accurately	quanEfies	the	reducEon	error

�4

‣ autoencoders	for	accurate	nonlinear	manifolds	[Lee,	C.,	2018]	

‣ opEmal	projecEon	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	AnEl,	2017]	

‣ sample	mesh	[C.,	Farhat,	CorEal,	Amsallem,	2013]	

‣ space–Eme	projecEon	[Choi,	C.,	2019]	

‣ enforce	conservaEon	laws	[C.,	Choi,	Sargsyan,	2018]	

‣ preserve	Lagrangian	structure	and	stability	[C.	Boggs,	Tuminaro,	2015;	Peng,	C.	2017]	

‣ h-adapEvity	[C.,	2015]	
‣ vector-space	sieving	[Ecer,	C.,	2019]	

‣ machine-learning	error	models	[Drohmann,	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno,	C.,	2019]	

‣ machine-learning	closure	models	[Pagani,	Manzoni,,	C.,	2019]
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1. Training:	Solve	ODE	for																							and	collect	simulaEon	data		

2. Machine	learning:	IdenEfy	low-dimensional	manifold	

3. Reduc(on:	Project	ODE	onto	manifold	and	solve	for

µ 2 Dtraining

Training

 5

dx
dt

= f(x; t,µ)ODE:

D
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µ 2 Dquery \ Dtraining
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1. Training:	Solve	ODE	for																							and	collect	simulaEon	data		

2. Machine	learning:	IdenEfy	low-dimensional	manifold	

3. Reduc(on:	Project	ODE	onto	manifold	and	solve	for

µ 2 Dtraining

Training

 5

dx
dt

= f(x; t,µ)ODE:

D
X =
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1. Training:	Solve	ODE	for																							and	collect	simulaEon	data		

2. Machine	learning:	IdenEfy	low-dimensional	manifold	

3. Reduc(on:	Project	ODE	onto	manifold	and	solve	for

Machine learning

�6

dx
dt

= f(x; t,µ)ODE:

µ 2 Dtraining
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‣ 	Define	low-dim	manifold	from	decoder:

µ 2 Dquery \ Dtraining
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Lee	and	CarlbergML	for	extreme-scale	physics	models

1. Training:	Solve	ODE	for																							and	collect	simulaEon	data		

2. Machine	learning:	IdenEfy	low-dimensional	manifold	

3. Reduc(on:	Project	ODE	onto	manifold	and	solve	for

Machine learning

�6

dx
dt

= f(x; t,µ)ODE:

µ 2 Dtraining

X =
<latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit><latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit><latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit><latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit>

= X̃(◊)
<latexit sha1_base64="PxaiTZEUjVXAZXJenwzWMaXm9rg="></latexit><latexit sha1_base64="PxaiTZEUjVXAZXJenwzWMaXm9rg="></latexit><latexit sha1_base64="PxaiTZEUjVXAZXJenwzWMaXm9rg="></latexit><latexit sha1_base64="PxaiTZEUjVXAZXJenwzWMaXm9rg="></latexit>

= X̃(◊)
<latexit sha1_base64="PxaiTZEUjVXAZXJenwzWMaXm9rg="></latexit><latexit sha1_base64="PxaiTZEUjVXAZXJenwzWMaXm9rg="></latexit><latexit sha1_base64="PxaiTZEUjVXAZXJenwzWMaXm9rg="></latexit><latexit sha1_base64="PxaiTZEUjVXAZXJenwzWMaXm9rg="></latexit>

‣ 	Define	low-dim	manifold	from	decoder:

S := {g(x̂) | x̂ œ Rp}
<latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit>

S := {g(x̂) | x̂ œ Rp}
<latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit>

S := {g(x̂) | x̂ œ Rp}
<latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit>

✓ RN
<latexit sha1_base64="ivsXTrliYGeAIB0DxV8Xyar7Kvw=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi6EoKblxJFfuAJpbJ9KYdOpnEmYlQQsFfceNCEbd+hzv/xkmbhbYeGDiccy/3zAkSzpR2nG9rYXFpeWW1tFZe39jc2rZ3dpsqTiWFBo15LNsBUcCZgIZmmkM7kUCigEMrGF7mfusRpGKxuNOjBPyI9AULGSXaSF1731NpoEDDA/YiogdBgG/vr7t2xak6E+B54hakggrUu/aX14tpGoHQlBOlOq6TaD8jUjPKYVz2UgUJoUPSh46hgkSg/GwSf4yPjNLDYSzNExpP1N8bGYmUGkWBmcwjqlkvF//zOqkOz/2MiSTVIOj0UJhyrGOcd4F7TALVfGQIoZKZrJgOiCRUm8bKpgR39svzpHlSdZ2qe3NaqV0UdZTQATpEx8hFZ6iGrlAdNRBFGXpGr+jNerJerHfrYzq6YBU7e+gPrM8ftZuVSQ==</latexit><latexit sha1_base64="ivsXTrliYGeAIB0DxV8Xyar7Kvw=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi6EoKblxJFfuAJpbJ9KYdOpnEmYlQQsFfceNCEbd+hzv/xkmbhbYeGDiccy/3zAkSzpR2nG9rYXFpeWW1tFZe39jc2rZ3dpsqTiWFBo15LNsBUcCZgIZmmkM7kUCigEMrGF7mfusRpGKxuNOjBPyI9AULGSXaSF1731NpoEDDA/YiogdBgG/vr7t2xak6E+B54hakggrUu/aX14tpGoHQlBOlOq6TaD8jUjPKYVz2UgUJoUPSh46hgkSg/GwSf4yPjNLDYSzNExpP1N8bGYmUGkWBmcwjqlkvF//zOqkOz/2MiSTVIOj0UJhyrGOcd4F7TALVfGQIoZKZrJgOiCRUm8bKpgR39svzpHlSdZ2qe3NaqV0UdZTQATpEx8hFZ6iGrlAdNRBFGXpGr+jNerJerHfrYzq6YBU7e+gPrM8ftZuVSQ==</latexit><latexit sha1_base64="ivsXTrliYGeAIB0DxV8Xyar7Kvw=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi6EoKblxJFfuAJpbJ9KYdOpnEmYlQQsFfceNCEbd+hzv/xkmbhbYeGDiccy/3zAkSzpR2nG9rYXFpeWW1tFZe39jc2rZ3dpsqTiWFBo15LNsBUcCZgIZmmkM7kUCigEMrGF7mfusRpGKxuNOjBPyI9AULGSXaSF1731NpoEDDA/YiogdBgG/vr7t2xak6E+B54hakggrUu/aX14tpGoHQlBOlOq6TaD8jUjPKYVz2UgUJoUPSh46hgkSg/GwSf4yPjNLDYSzNExpP1N8bGYmUGkWBmcwjqlkvF//zOqkOz/2MiSTVIOj0UJhyrGOcd4F7TALVfGQIoZKZrJgOiCRUm8bKpgR39svzpHlSdZ2qe3NaqV0UdZTQATpEx8hFZ6iGrlAdNRBFGXpGr+jNerJerHfrYzq6YBU7e+gPrM8ftZuVSQ==</latexit><latexit sha1_base64="ivsXTrliYGeAIB0DxV8Xyar7Kvw=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi6EoKblxJFfuAJpbJ9KYdOpnEmYlQQsFfceNCEbd+hzv/xkmbhbYeGDiccy/3zAkSzpR2nG9rYXFpeWW1tFZe39jc2rZ3dpsqTiWFBo15LNsBUcCZgIZmmkM7kUCigEMrGF7mfusRpGKxuNOjBPyI9AULGSXaSF1731NpoEDDA/YiogdBgG/vr7t2xak6E+B54hakggrUu/aX14tpGoHQlBOlOq6TaD8jUjPKYVz2UgUJoUPSh46hgkSg/GwSf4yPjNLDYSzNExpP1N8bGYmUGkWBmcwjqlkvF//zOqkOz/2MiSTVIOj0UJhyrGOcd4F7TALVfGQIoZKZrJgOiCRUm8bKpgR39svzpHlSdZ2qe3NaqV0UdZTQATpEx8hFZ6iGrlAdNRBFGXpGr+jNerJerHfrYzq6YBU7e+gPrM8ftZuVSQ==</latexit>

µ 2 Dquery \ Dtraining
<latexit sha1_base64="enF3+D9SjDXyuIgigNBu6J9S+NM=">AAACOXicbVBNSwMxEM36bf2qevQSLIKnsiuCnkTQg8cKtgrdUrLpbA0m2TWZCGXp3/Liv/AmePGgiFf/gOm2B78ehDzevGFmXpJLYTEMn4Kp6ZnZufmFxcrS8srqWnV9o2UzZzg0eSYzc5UwC1JoaKJACVe5AaYSCZfJzcmofnkHxopMX+Agh45ifS1SwRl6qVttxEkme3ag/Edj5WKhY8XwmjNJT7sltWlx68AMhrEFVEI7+48DDRNa6P6wW62F9bAE/UuiCamRCRrd6mPcy7hToJFLZm07CnPsFMyg4BKGldhZyBm/YX1oe6qZAtspysuHdMcrPZpmxj+NtFS/dxRM2dFx3lku+rs2Ev+rtR2mh51C6NwhaD4elDpJMaOjGGlPGOAoB54wboTflfJrZhhHH3bFhxD9Pvkvae3Vo7Aene/Xjo8mcSyQLbJNdklEDsgxOSMN0iSc3JNn8kregofgJXgPPsbWqWDSs0l+IPj8AtXyr/E=</latexit><latexit sha1_base64="enF3+D9SjDXyuIgigNBu6J9S+NM=">AAACOXicbVBNSwMxEM36bf2qevQSLIKnsiuCnkTQg8cKtgrdUrLpbA0m2TWZCGXp3/Liv/AmePGgiFf/gOm2B78ehDzevGFmXpJLYTEMn4Kp6ZnZufmFxcrS8srqWnV9o2UzZzg0eSYzc5UwC1JoaKJACVe5AaYSCZfJzcmofnkHxopMX+Agh45ifS1SwRl6qVttxEkme3ag/Edj5WKhY8XwmjNJT7sltWlx68AMhrEFVEI7+48DDRNa6P6wW62F9bAE/UuiCamRCRrd6mPcy7hToJFLZm07CnPsFMyg4BKGldhZyBm/YX1oe6qZAtspysuHdMcrPZpmxj+NtFS/dxRM2dFx3lku+rs2Ev+rtR2mh51C6NwhaD4elDpJMaOjGGlPGOAoB54wboTflfJrZhhHH3bFhxD9Pvkvae3Vo7Aene/Xjo8mcSyQLbJNdklEDsgxOSMN0iSc3JNn8kregofgJXgPPsbWqWDSs0l+IPj8AtXyr/E=</latexit><latexit sha1_base64="enF3+D9SjDXyuIgigNBu6J9S+NM=">AAACOXicbVBNSwMxEM36bf2qevQSLIKnsiuCnkTQg8cKtgrdUrLpbA0m2TWZCGXp3/Liv/AmePGgiFf/gOm2B78ehDzevGFmXpJLYTEMn4Kp6ZnZufmFxcrS8srqWnV9o2UzZzg0eSYzc5UwC1JoaKJACVe5AaYSCZfJzcmofnkHxopMX+Agh45ifS1SwRl6qVttxEkme3ag/Edj5WKhY8XwmjNJT7sltWlx68AMhrEFVEI7+48DDRNa6P6wW62F9bAE/UuiCamRCRrd6mPcy7hToJFLZm07CnPsFMyg4BKGldhZyBm/YX1oe6qZAtspysuHdMcrPZpmxj+NtFS/dxRM2dFx3lku+rs2Ev+rtR2mh51C6NwhaD4elDpJMaOjGGlPGOAoB54wboTflfJrZhhHH3bFhxD9Pvkvae3Vo7Aene/Xjo8mcSyQLbJNdklEDsgxOSMN0iSc3JNn8kregofgJXgPPsbWqWDSs0l+IPj8AtXyr/E=</latexit><latexit sha1_base64="enF3+D9SjDXyuIgigNBu6J9S+NM=">AAACOXicbVBNSwMxEM36bf2qevQSLIKnsiuCnkTQg8cKtgrdUrLpbA0m2TWZCGXp3/Liv/AmePGgiFf/gOm2B78ehDzevGFmXpJLYTEMn4Kp6ZnZufmFxcrS8srqWnV9o2UzZzg0eSYzc5UwC1JoaKJACVe5AaYSCZfJzcmofnkHxopMX+Agh45ifS1SwRl6qVttxEkme3ag/Edj5WKhY8XwmjNJT7sltWlx68AMhrEFVEI7+48DDRNa6P6wW62F9bAE/UuiCamRCRrd6mPcy7hToJFLZm07CnPsFMyg4BKGldhZyBm/YX1oe6qZAtspysuHdMcrPZpmxj+NtFS/dxRM2dFx3lku+rs2Ev+rtR2mh51C6NwhaD4elDpJMaOjGGlPGOAoB54wboTflfJrZhhHH3bFhxD9Pvkvae3Vo7Aene/Xjo8mcSyQLbJNdklEDsgxOSMN0iSc3JNn8kregofgJXgPPsbWqWDSs0l+IPj8AtXyr/E=</latexit>

x1
<latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit>

x2
<latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit>

x3
<latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit>

N=3 
p=2



/38

Lee	and	CarlbergML	for	extreme-scale	physics	models

1. Training:	Solve	ODE	for																							and	collect	simulaEon	data		

2. Machine	learning:	IdenEfy	low-dimensional	manifold	

3. Reduc(on:	Project	ODE	onto	manifold	and	solve	for

Reduction

�7

dx
dt

= f(x; t,µ)ODE:

µ 2 Dtraining

µ 2 Dquery \ Dtraining
<latexit sha1_base64="gwWn+he94WvAlaoEq18X0bQlGWs="></latexit><latexit sha1_base64="gwWn+he94WvAlaoEq18X0bQlGWs="></latexit><latexit sha1_base64="gwWn+he94WvAlaoEq18X0bQlGWs="></latexit><latexit sha1_base64="gwWn+he94WvAlaoEq18X0bQlGWs="></latexit>

(
<latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit><latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit><latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit>

(
<latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit> <latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit> <latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit>

x(t) ¥ x̃(t) = g(x̂(t)) œ S
<latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit>

dx
dt

¥ d x̃
dt

= Òg(x̂)d x̂
dt

œ Tx̂S
<latexit sha1_base64="VIn9eyKPBDDbIv8ykSnMgSKNVoY="></latexit><latexit sha1_base64="VIn9eyKPBDDbIv8ykSnMgSKNVoY="></latexit><latexit sha1_base64="VIn9eyKPBDDbIv8ykSnMgSKNVoY="></latexit><latexit sha1_base64="VIn9eyKPBDDbIv8ykSnMgSKNVoY="></latexit>

Reduce	the	number	of	unknowns

Perform	op>mal	projec>on

d x̃
dt

(x̂) satisfies minimize
v2Tx̂S

kv � f(g(x̂); t,µ)k2

subject to c(v, g(x̂); t,µ) = 0
<latexit sha1_base64="fF2IfKVBHo6/QIzQh/03F5u/3Mc="></latexit><latexit sha1_base64="fF2IfKVBHo6/QIzQh/03F5u/3Mc="></latexit><latexit sha1_base64="fF2IfKVBHo6/QIzQh/03F5u/3Mc="></latexit><latexit sha1_base64="fF2IfKVBHo6/QIzQh/03F5u/3Mc="></latexit>
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Lee	and	CarlbergML	for	extreme-scale	physics	models

1. Training:	Solve	ODE	for																							and	collect	simulaEon	data		

2. Machine	learning:	IdenEfy	low-dimensional	manifold	

3. Reduc(on:	Project	ODE	onto	manifold	and	solve	for

Reduction

�7

dx
dt

= f(x; t,µ)ODE:

µ 2 Dtraining

µ 2 Dquery \ Dtraining
<latexit sha1_base64="gwWn+he94WvAlaoEq18X0bQlGWs="></latexit><latexit sha1_base64="gwWn+he94WvAlaoEq18X0bQlGWs="></latexit><latexit sha1_base64="gwWn+he94WvAlaoEq18X0bQlGWs="></latexit><latexit sha1_base64="gwWn+he94WvAlaoEq18X0bQlGWs="></latexit>

(
<latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit><latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit><latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit>

(
<latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit> <latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit> <latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit>

x(t) ¥ x̃(t) = g(x̂(t)) œ S
<latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit>

dx
dt

¥ d x̃
dt

= Òg(x̂)d x̂
dt

œ Tx̂S
<latexit sha1_base64="VIn9eyKPBDDbIv8ykSnMgSKNVoY="></latexit><latexit sha1_base64="VIn9eyKPBDDbIv8ykSnMgSKNVoY="></latexit><latexit sha1_base64="VIn9eyKPBDDbIv8ykSnMgSKNVoY="></latexit><latexit sha1_base64="VIn9eyKPBDDbIv8ykSnMgSKNVoY="></latexit>

Reduce	the	number	of	unknowns

Perform	op>mal	projec>on
with	physics	constraints

d x̃
dt

(x̂) satisfies minimize
v2Tx̂S

kv � f(g(x̂); t,µ)k2

subject to c(v, g(x̂); t,µ) = 0
<latexit sha1_base64="fF2IfKVBHo6/QIzQh/03F5u/3Mc="></latexit><latexit sha1_base64="fF2IfKVBHo6/QIzQh/03F5u/3Mc="></latexit><latexit sha1_base64="fF2IfKVBHo6/QIzQh/03F5u/3Mc="></latexit><latexit sha1_base64="fF2IfKVBHo6/QIzQh/03F5u/3Mc="></latexit>
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Lee	and	CarlbergML	for	extreme-scale	physics	models

1. Training:	Solve	ODE	for																							and	collect	simulaEon	data		

2. Machine	learning:	IdenEfy	low-dimensional	manifold	

3. Reduc(on:	Project	ODE	onto	manifold	and	solve	for

Reduction

�7

dx
dt

= f(x; t,µ)ODE:

µ 2 Dtraining

µ 2 Dquery \ Dtraining
<latexit sha1_base64="gwWn+he94WvAlaoEq18X0bQlGWs="></latexit><latexit sha1_base64="gwWn+he94WvAlaoEq18X0bQlGWs="></latexit><latexit sha1_base64="gwWn+he94WvAlaoEq18X0bQlGWs="></latexit><latexit sha1_base64="gwWn+he94WvAlaoEq18X0bQlGWs="></latexit>

(
<latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit><latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit><latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit>

(
<latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit> <latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit> <latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit>

x(t) ¥ x̃(t) = g(x̂(t)) œ S
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dx
dt

¥ d x̃
dt

= Òg(x̂)d x̂
dt

œ Tx̂S
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Reduce	the	number	of	unknowns

Perform	op>mal	projec>on
with	physics	constraints

+ 	Model	integrates	computaEonal	physics	with	deep	learning

d x̃
dt

(x̂) satisfies minimize
v2Tx̂S

kv � f(g(x̂); t,µ)k2

subject to c(v, g(x̂); t,µ) = 0
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1. Training:	Solve	ODE	for																							and	collect	simulaEon	data		

2. Machine	learning:	IdenEfy	low-dimensional	manifold	

3. Reduc(on:	Project	ODE	onto	manifold	and	solve	for

Reduction

�7

dx
dt

= f(x; t,µ)ODE:

µ 2 Dtraining

µ 2 Dquery \ Dtraining
<latexit sha1_base64="gwWn+he94WvAlaoEq18X0bQlGWs="></latexit><latexit sha1_base64="gwWn+he94WvAlaoEq18X0bQlGWs="></latexit><latexit sha1_base64="gwWn+he94WvAlaoEq18X0bQlGWs="></latexit><latexit sha1_base64="gwWn+he94WvAlaoEq18X0bQlGWs="></latexit>
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x(t) ¥ x̃(t) = g(x̂(t)) œ S
<latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit>

dx
dt

¥ d x̃
dt

= Òg(x̂)d x̂
dt

œ Tx̂S
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Reduce	the	number	of	unknowns

Perform	op>mal	projec>on
with	physics	constraints

+ 	Model	integrates	computaEonal	physics	with	deep	learning

+ 	Physics	constraints	exactly	saEsfied

d x̃
dt

(x̂) satisfies minimize
v2Tx̂S

kv � f(g(x̂); t,µ)k2

subject to c(v, g(x̂); t,µ) = 0
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Reduced-order models
PCA subspace Autoencoder manifold

High-fidelity model

PCA subspace with 
conservation constraints 

Autoencoder manifold with 
conservation constraints 

Solution error: 13% 
Conservation violation: 16%

Solution error: 0.5% 
Conservation violation: 1%

Solution error: 12% 
Conservation violation: <0.001%

Solution error: 0.2% 
Conservation violation: <0.001%
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Currently implementing in large-scale code

�9

vor(city	field pressure	field

Reduced-order	model	

PCA	subspace	

32	min,	2	cores

high-fidelity	model	

5	hours,	48	cores

+229x	savings	in	core–hours	
+<	1%	error	in	(me-averaged	drag
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