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+Validated	and	predic(ve:	matches	wind-tunnel	experiments	to	within	5%	
- Extreme	scale:	100	million	cells,	200,000	Ime	steps	
- High	simula(on	costs:	6	weeks,	5000	cores

High-fidelity simulation

 2

computa5onal	barrier

+ Indispensable	in	science	and	engineering
- Extreme-scale	models	required	for	high	fidelity

Time-critical applications
๏ design ๏ health	monitoring ๏ 	control๏ uncertainty	quanIficaIon

Goal:	break	computa0onal	barrier
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How does classical model reduction work?
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‣ FOM	ODE	residual:

‣ FOM	O∆E	residual:

‣ LSPG	test	basis:

‣ Detailed	comparaIve	analysis:	C,	Barone,	AnIl,	J	Comp	Phys,	2017.
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Captive carry

 4

V1

‣ Unsteady	Navier–Stokes ‣ Re	=	6.3	x	106 ‣ M∞	=	0.6

Spa5al	discre5za5on	
‣ 2nd-order	finite	volume	
‣ DES	turbulence	model	
‣ 																	degrees	of	freedom1.2⇥ 106

Temporal	discre5za5on	
‣ 2nd-order	BDF	
‣ Verified	Ime	step		
‣ 																	Ime	instances

�t = 1.5⇥ 10�3

8.3⇥ 103
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LSPG ROM with sample mesh [C., Barone, Antil, 2017]
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LSPG ROM with sample mesh [C., Barone, Antil, 2017]

vor(city	field pressure	field

LSPG	ROM	
32	min,	2	cores

+229x	savings	in	core–hours	
+<	1%	error	in	(me-averaged	drag

+HPC	on	a	laptop

sample	
mesh

high-fidelity	
5	hours,	48	cores

�5

…	so	why	doesn’t	everyone	use	ROMs?

�x̂n = arg min
vœrange(�)

Îrn(v)Î⇥
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Good performance is not guaranteed

�6

1) Linear-subspace	assump0on	is	strong

2) Accuracy	limited	by	content	ofx(t) ⇡ x̃(t) = �

This	talk

E_er,	3:05pm	today,	this	room

x(t) ⇡ x̃(t) = � x̂(t)

Reference:	Lee	and	C.	“Model	reduc(on	of	dynamical	systems	on	nonlinear	
manifolds	using	deep	convolu(onal	autoencoders,”	arXiv	e-Print,	1812.08373	
(2018).	

Reference:	E_er	and	C.	“Online	adap(ve	basis	refinement	and	compression	
for	reduced-order	models,”	arXiv	e-Print,	1902.10659	(2019).	
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Kolmogorov-width limitation of linear subspaces
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:	soluIon	manifold	M := {x(t,µ) | t œ [0,Tfinal], µ œ D}
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Kolmogorov-width limitation of linear subspaces
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Kolmogorov-width limitation of linear subspaces
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Kolmogorov-width limitation of linear subspaces
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<latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit>

q
xœM Îx ≠ x̃LSPGÎ2
q

xœM ÎxÎ2
<latexit sha1_base64="57PSrAw5tSLQbc4IPz78UJbIBVQ="></latexit><latexit sha1_base64="57PSrAw5tSLQbc4IPz78UJbIBVQ="></latexit><latexit sha1_base64="57PSrAw5tSLQbc4IPz78UJbIBVQ="></latexit><latexit sha1_base64="57PSrAw5tSLQbc4IPz78UJbIBVQ="></latexit>

p = dim(M)
<latexit sha1_base64="2pdpe7u8BGyf/LAvfsjto5VJ0e4="></latexit><latexit sha1_base64="2pdpe7u8BGyf/LAvfsjto5VJ0e4="></latexit><latexit sha1_base64="2pdpe7u8BGyf/LAvfsjto5VJ0e4="></latexit><latexit sha1_base64="2pdpe7u8BGyf/LAvfsjto5VJ0e4="></latexit>

Kolmogorov-width	
limita(on

re
la
Iv
e	
er
ro
r	

Goal:	overcome	limita(on	via	projec(on	onto	a	nonlinear	manifold

P2(M,S) :=
Û ÿ

xœM
inf
yœS

Îx ≠ yÎ2/

Û ÿ

xœM
ÎxÎ2

<latexit sha1_base64="48T0Rk+PIkbH5aYD1bp8LOJWYNc="></latexit><latexit sha1_base64="48T0Rk+PIkbH5aYD1bp8LOJWYNc="></latexit><latexit sha1_base64="48T0Rk+PIkbH5aYD1bp8LOJWYNc="></latexit><latexit sha1_base64="48T0Rk+PIkbH5aYD1bp8LOJWYNc="></latexit>

d̃p(M) := inf
SœSp

P2(M,S)
<latexit sha1_base64="yBa+ZRcz08J5AOIpB4juRBmnGfo="></latexit><latexit sha1_base64="yBa+ZRcz08J5AOIpB4juRBmnGfo="></latexit><latexit sha1_base64="yBa+ZRcz08J5AOIpB4juRBmnGfo="></latexit><latexit sha1_base64="yBa+ZRcz08J5AOIpB4juRBmnGfo="></latexit>

‣ 				 ,
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Overcoming Kolmogorov-width limitation

�8

Transform/update	the	linear	subspace	
[Ohlberger	and	Rave,	2013;	Iollo	and	Lombardi,	2014;	Gerbeau	and	Lombardi,	2014;	Peherstorfer	and	Willcox,	2015;	
Welper,	2017;	Mojgani	and	Balajewicz,	2017;	Reiss	et	al.,	2018;	Zimmermann	et	al.,	2018;	Peherstorfer,	2018;	Rim	
and	Mandli,	2018;	Rim	and	Mandli,	2018;	Nair	and	Balajewicz,	2019;	Cagniart	et	al.,	2019]	

+ Can	work	much	beier	than	a	fixed	basis	
- Some	require	problem-specific	knowledge	or	characterisIcs	
- Do	not	consider	manifolds	of	general	nonlinear	structure
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A	priori	construc5on	of	local	linear	subspaces		
[Dihlmann	et	al.,	2011;	Drohmann	et	al.,	2011;	Amsallem,	Zahr,	Farhat,	2012;	Peherstorfer	et	el.,	2014;	Taddei	et	al.,	2015]	
+ Tailored	bases	for	Voronoi	diagrams	of	Ime/spaIal	domain,	state	space	
- Do	not	consider	manifolds	of	general	nonlinear	structure
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Overcoming Kolmogorov-width limitation

�8

Model	reduc5on	on	nonlinear	manifolds	[Gu,	2011;	Kashima,	2016;	Hartman	and	Mestha,	2017]	
- KinemaIcally	inconsistent	[Kashima,	2016;	Hartman	and	Mestha,	2017]	
- Limited	to	piecewise	linear	manifolds	[Gu,	2011]	
- SoluIons	lack	opImality	[Gu,	2011;	Kashima,	2016;	Hartman	and	Mestha,	2017]

Transform/update	the	linear	subspace	
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Goals

�9

Overcome	shortcomings	of	exis5ng	methods	
+ Enable	manifolds	with	general	nonlinear	structure	
+ KinemaIcally	consistent	
+ SaIsfy	opImality	property

Manifold	Galerkin	and	LSPG	projec0on

Prac5cal	nonlinear-manifold	construc5on	
+ No	problem-specific	knowledge	or	characterisIcs	required	
+ Use	same	snapshot	data	as	POD

Deep	convolu0onal	autoencoders
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Nonlinear trial manifold

�11

Linear trial subspace

x1
<latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit>

x2
<latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit>

x3
<latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit>

x1
<latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit>

x2
<latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit>

x3
<latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit>

example 
N=3 
p=2

state x̂(t)x(t) ¥ x̃(t) = �
<latexit sha1_base64="n1nx8UBigTRYloruWS3wvejDia4="></latexit><latexit sha1_base64="n1nx8UBigTRYloruWS3wvejDia4="></latexit><latexit sha1_base64="n1nx8UBigTRYloruWS3wvejDia4="></latexit><latexit sha1_base64="n1nx8UBigTRYloruWS3wvejDia4="></latexit>

œ range(�)
<latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit><latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit><latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit><latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit>

velocity
dx
dt

¥ d x̃
dt

= �
d x̂
dt

<latexit sha1_base64="FDvm1u0VPbaWs6IvJjfTIb/cZ/4="></latexit><latexit sha1_base64="FDvm1u0VPbaWs6IvJjfTIb/cZ/4="></latexit><latexit sha1_base64="FDvm1u0VPbaWs6IvJjfTIb/cZ/4="></latexit><latexit sha1_base64="FDvm1u0VPbaWs6IvJjfTIb/cZ/4="></latexit>

œ range(�)
<latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit><latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit><latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit><latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit>

dx
dt

¥ d x̃
dt

= Òg(x̂)d x̂
dt

œ Tx̂S
<latexit sha1_base64="VIn9eyKPBDDbIv8ykSnMgSKNVoY="></latexit><latexit sha1_base64="VIn9eyKPBDDbIv8ykSnMgSKNVoY="></latexit><latexit sha1_base64="VIn9eyKPBDDbIv8ykSnMgSKNVoY="></latexit><latexit sha1_base64="VIn9eyKPBDDbIv8ykSnMgSKNVoY="></latexit>

range(�) := {�x̂ | x̂ œ Rp}
<latexit sha1_base64="IpUtPofFU+mJxe6IDQ/H/VmD+nw="></latexit><latexit sha1_base64="IpUtPofFU+mJxe6IDQ/H/VmD+nw="></latexit><latexit sha1_base64="IpUtPofFU+mJxe6IDQ/H/VmD+nw="></latexit><latexit sha1_base64="IpUtPofFU+mJxe6IDQ/H/VmD+nw="></latexit>

Nonlinear trial manifold
S := {g(x̂) | x̂ œ Rp}

<latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit>

(
<latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit><latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit><latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit>

(
<latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit> <latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit> <latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit>

x(t) ¥ x̃(t) = g(x̂(t)) œ S
<latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit>

+ manifold	has	general	structure

+ kinemaIcally	consistent
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Manifold Galerkin and LSPG projection

�12

Linear-subspace ROM Nonlinear-manifold ROM

d x̂
dt

= argmin
v̂œRn

Îr(Òg(x̂)v̂, g(x̂); t)Î2
<latexit sha1_base64="3SyEFPQooVdew7Ae1OwDddyqGWo="></latexit><latexit sha1_base64="3SyEFPQooVdew7Ae1OwDddyqGWo="></latexit><latexit sha1_base64="3SyEFPQooVdew7Ae1OwDddyqGWo="></latexit><latexit sha1_base64="3SyEFPQooVdew7Ae1OwDddyqGWo="></latexit>

Galerkin d x̂
dt

= argmin
v̂œRn

Îr(�v̂,�x̂; t)Î2
<latexit sha1_base64="kl0nU62nKm8FvKPFmSNfvl0Ej8A="></latexit><latexit sha1_base64="kl0nU62nKm8FvKPFmSNfvl0Ej8A="></latexit><latexit sha1_base64="kl0nU62nKm8FvKPFmSNfvl0Ej8A="></latexit><latexit sha1_base64="kl0nU62nKm8FvKPFmSNfvl0Ej8A="></latexit>

LSPG x̂n = argmin
v̂œRp

ÎArn(�v̂)Î2
<latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit><latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit><latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit><latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit>

x̂n = argmin
v̂œRp

ÎArn(�v̂)Î2
<latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit><latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit><latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit><latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit>

Ì
<latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit>

�
d x̂
dt

= argmin
v̂œrange(�)

Îv̂ ≠ f(�x̂; t)Î2
<latexit sha1_base64="Sih8Hm3Q/DTNC7kZjYi/NhPIrBo="></latexit><latexit sha1_base64="Sih8Hm3Q/DTNC7kZjYi/NhPIrBo="></latexit><latexit sha1_base64="Sih8Hm3Q/DTNC7kZjYi/NhPIrBo="></latexit><latexit sha1_base64="Sih8Hm3Q/DTNC7kZjYi/NhPIrBo="></latexit>

Ì
<latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit>

Òg(x̂)d x̂
dt

= argmin
v̂œTx̂S

Îv̂ ≠ f(g(x̂); t)Î2
<latexit sha1_base64="o1u6cZsVogzrb7zTcYkPsgkKuf8="></latexit><latexit sha1_base64="o1u6cZsVogzrb7zTcYkPsgkKuf8="></latexit><latexit sha1_base64="o1u6cZsVogzrb7zTcYkPsgkKuf8="></latexit><latexit sha1_base64="o1u6cZsVogzrb7zTcYkPsgkKuf8="></latexit>

Ì
<latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit>

d x̂
dt

= �T f(�x̂; t)
<latexit sha1_base64="4+LybUjyKJDg/PElVln013lxGyc="></latexit><latexit sha1_base64="4+LybUjyKJDg/PElVln013lxGyc="></latexit><latexit sha1_base64="4+LybUjyKJDg/PElVln013lxGyc="></latexit><latexit sha1_base64="4+LybUjyKJDg/PElVln013lxGyc="></latexit>

Ì
<latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit>

d x̂
dt

= Òg(x̂)+f(g(x̂); t)
<latexit sha1_base64="lFW6KPZyv9qQjngGWtjXXKzEjn0="></latexit><latexit sha1_base64="lFW6KPZyv9qQjngGWtjXXKzEjn0="></latexit><latexit sha1_base64="lFW6KPZyv9qQjngGWtjXXKzEjn0="></latexit><latexit sha1_base64="lFW6KPZyv9qQjngGWtjXXKzEjn0="></latexit>

x̂n = argmin
v̂œRp

ÎArn(g(v̂))Î2
<latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit>

x̂n = argmin
v̂œRp

ÎArn(g(v̂))Î2
<latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit>

+ SaIsfy	residual-minimizaIon	properIes
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Error bound

�13

+Manifold	LSPG	sequen(ally	minimizes	the	error	bound

Theorem

If	the	following	condiIons	hold:	
1.													is	Lipschitz	conInuous	with	Lipschitz	constant	
2.								is	small	enough	such	that																																											,	then

f(·; t) 

0 < h := |↵0|� |�0|�t�t

Îxn ≠ g(x̂nLSPG)Î2 Æ 1
h

min
v̂

ÎrnLSPG(g(v̂))Î2+1
h

kÿ

¸=1
|“¸|Îxn≠¸ ≠ g(x̂LSPG)Î2

<latexit sha1_base64="in9zdb0A1dZXY1GK9+VOIKXZ0HY="></latexit><latexit sha1_base64="in9zdb0A1dZXY1GK9+VOIKXZ0HY="></latexit><latexit sha1_base64="in9zdb0A1dZXY1GK9+VOIKXZ0HY="></latexit><latexit sha1_base64="in9zdb0A1dZXY1GK9+VOIKXZ0HY="></latexit>

Îxn ≠ g(x̂nG)Î2 Æ 1
h

ÎrnG(g(x̂G))Î2+1
h

kÿ

¸=1
|“¸|Îxn≠¸ ≠ g(x̂G)Î2

<latexit sha1_base64="DGyejJszqanR5qCVsXwPJ2riHls="></latexit><latexit sha1_base64="DGyejJszqanR5qCVsXwPJ2riHls="></latexit><latexit sha1_base64="DGyejJszqanR5qCVsXwPJ2riHls="></latexit><latexit sha1_base64="DGyejJszqanR5qCVsXwPJ2riHls="></latexit>
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Equivalence

�14

Theorem
Manifold	Galerkin	and	manifold	LSPG	are	equivalent	if	
1.	the	nonlinear	trial	manifold					is	twice	conInuously	differenIable,		
2.																																						for																						and																				,	and	
3.	the	limit															is	taken.																						

S
<latexit sha1_base64="VX1Y/vrbKaiu9gkR2f4AdkYMO4U="></latexit><latexit sha1_base64="VX1Y/vrbKaiu9gkR2f4AdkYMO4U="></latexit><latexit sha1_base64="VX1Y/vrbKaiu9gkR2f4AdkYMO4U="></latexit><latexit sha1_base64="VX1Y/vrbKaiu9gkR2f4AdkYMO4U="></latexit>

Îx̂n≠j ≠ x̂nÎ = O(�t)
<latexit sha1_base64="9/R+0e6S+z2q97oELKkNILmECRw="></latexit><latexit sha1_base64="9/R+0e6S+z2q97oELKkNILmECRw="></latexit><latexit sha1_base64="9/R+0e6S+z2q97oELKkNILmECRw="></latexit><latexit sha1_base64="tRkVu21bdM4dDDYrs0VFg6nQOr0="></latexit><latexit sha1_base64="PzTSjxnLytfbJgITfz6spGdxJQ8="></latexit><latexit sha1_base64="PzTSjxnLytfbJgITfz6spGdxJQ8="></latexit><latexit sha1_base64="lf1nGfyYTWduuN4zWooOFsr3uyw="></latexit><latexit sha1_base64="9/R+0e6S+z2q97oELKkNILmECRw="></latexit><latexit sha1_base64="9/R+0e6S+z2q97oELKkNILmECRw="></latexit><latexit sha1_base64="9/R+0e6S+z2q97oELKkNILmECRw="></latexit><latexit sha1_base64="9/R+0e6S+z2q97oELKkNILmECRw="></latexit><latexit sha1_base64="9/R+0e6S+z2q97oELKkNILmECRw="></latexit><latexit sha1_base64="9/R+0e6S+z2q97oELKkNILmECRw="></latexit>

n = 1, ... ,T
<latexit sha1_base64="QPk9Nw7Ugq5U1PukEpQ3PRyrfgY="></latexit><latexit sha1_base64="QPk9Nw7Ugq5U1PukEpQ3PRyrfgY="></latexit><latexit sha1_base64="QPk9Nw7Ugq5U1PukEpQ3PRyrfgY="></latexit><latexit sha1_base64="QPk9Nw7Ugq5U1PukEpQ3PRyrfgY="></latexit>

j = 1, ... , k
<latexit sha1_base64="PBSNuclyn4JjwIUmJq0ZOMbIaPA="></latexit><latexit sha1_base64="PBSNuclyn4JjwIUmJq0ZOMbIaPA="></latexit><latexit sha1_base64="PBSNuclyn4JjwIUmJq0ZOMbIaPA="></latexit><latexit sha1_base64="PBSNuclyn4JjwIUmJq0ZOMbIaPA="></latexit>

�t æ 0
<latexit sha1_base64="+OqbF1fMXgX9fxHbrnepu5FfJnk="></latexit><latexit sha1_base64="+OqbF1fMXgX9fxHbrnepu5FfJnk="></latexit><latexit sha1_base64="+OqbF1fMXgX9fxHbrnepu5FfJnk="></latexit><latexit sha1_base64="tRkVu21bdM4dDDYrs0VFg6nQOr0="></latexit><latexit sha1_base64="ulzxNY0iEjyUgCaGosI1nGF6RD4="></latexit><latexit sha1_base64="ulzxNY0iEjyUgCaGosI1nGF6RD4="></latexit><latexit sha1_base64="DJvQrR2bx0bImzpulTBgHGKPmNo="></latexit><latexit sha1_base64="+OqbF1fMXgX9fxHbrnepu5FfJnk="></latexit><latexit sha1_base64="+OqbF1fMXgX9fxHbrnepu5FfJnk="></latexit><latexit sha1_base64="+OqbF1fMXgX9fxHbrnepu5FfJnk="></latexit><latexit sha1_base64="+OqbF1fMXgX9fxHbrnepu5FfJnk="></latexit><latexit sha1_base64="+OqbF1fMXgX9fxHbrnepu5FfJnk="></latexit><latexit sha1_base64="+OqbF1fMXgX9fxHbrnepu5FfJnk="></latexit>

Proposi5on

Linear-subspace	and	nonlinear-manifold	LSPG	projec(on	are	equivalent	if	
‣ the	trial	manifold	is	affine,	i.e.,	
Linear-subspace	and	nonlinear-manifold	Galerkin	projec(on	are	equivalent	if	
‣ the	trial	manifold	is	affine,	i.e.,																														,	and	
‣ the	Jacobian	matrix					is	orthogonal.

g : x̂ ‘æ Ax̂ + b
<latexit sha1_base64="Rt6u+lFfYuoYIUPglIOvJNGyb2Q="></latexit><latexit sha1_base64="Rt6u+lFfYuoYIUPglIOvJNGyb2Q="></latexit><latexit sha1_base64="Rt6u+lFfYuoYIUPglIOvJNGyb2Q="></latexit><latexit sha1_base64="Rt6u+lFfYuoYIUPglIOvJNGyb2Q="></latexit>

g : x̂ ‘æ Ax̂ + b
<latexit sha1_base64="Rt6u+lFfYuoYIUPglIOvJNGyb2Q="></latexit><latexit sha1_base64="Rt6u+lFfYuoYIUPglIOvJNGyb2Q="></latexit><latexit sha1_base64="Rt6u+lFfYuoYIUPglIOvJNGyb2Q="></latexit><latexit sha1_base64="Rt6u+lFfYuoYIUPglIOvJNGyb2Q="></latexit>

A
<latexit sha1_base64="wIirCNb6OCR+iQJWeYwn2+T+jLQ="></latexit><latexit sha1_base64="wIirCNb6OCR+iQJWeYwn2+T+jLQ="></latexit><latexit sha1_base64="wIirCNb6OCR+iQJWeYwn2+T+jLQ="></latexit><latexit sha1_base64="wIirCNb6OCR+iQJWeYwn2+T+jLQ="></latexit>
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Goals

�15

Overcome	shortcomings	of	exis5ng	methods	
+ Enable	manifolds	with	general	nonlinear	structure	
+ KinemaIcally	consistent	
+ SaIsfy	opImality	property

Manifold	Galerkin	and	LSPG	projec0on

Prac5cal	nonlinear-manifold	construc5on	
+ No	problem-specific	knowledge	required	
+ Use	same	snapshot	data	as	POD

Deep	convolu0onal	autoencoders

S := {g(x̂) | x̂ œ Rp}
<latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit>
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Deep autoencoders

�16

Input layer Code Output layer

x̂1<latexit sha1_base64="fAOktgRp8Ii36YxW2YEpjnkotQk="></latexit><latexit sha1_base64="fAOktgRp8Ii36YxW2YEpjnkotQk="></latexit><latexit sha1_base64="fAOktgRp8Ii36YxW2YEpjnkotQk="></latexit><latexit sha1_base64="fAOktgRp8Ii36YxW2YEpjnkotQk="></latexit>

x̂2<latexit sha1_base64="wWiHcHRw4noBmVDf6stOmGVvH5U="></latexit><latexit sha1_base64="wWiHcHRw4noBmVDf6stOmGVvH5U="></latexit><latexit sha1_base64="wWiHcHRw4noBmVDf6stOmGVvH5U="></latexit><latexit sha1_base64="wWiHcHRw4noBmVDf6stOmGVvH5U="></latexit>

x1
<latexit sha1_base64="Xa4Bk1CqAT7kthQTXYfqGQpcgz8="></latexit><latexit sha1_base64="Xa4Bk1CqAT7kthQTXYfqGQpcgz8="></latexit><latexit sha1_base64="Xa4Bk1CqAT7kthQTXYfqGQpcgz8="></latexit><latexit sha1_base64="Xa4Bk1CqAT7kthQTXYfqGQpcgz8="></latexit>

x2
<latexit sha1_base64="k/HDIa52RCrX9KPGESQCbsto0Qc="></latexit><latexit sha1_base64="k/HDIa52RCrX9KPGESQCbsto0Qc="></latexit><latexit sha1_base64="k/HDIa52RCrX9KPGESQCbsto0Qc="></latexit><latexit sha1_base64="k/HDIa52RCrX9KPGESQCbsto0Qc="></latexit>

x3
<latexit sha1_base64="OZDj2qyY2LEmiez9ldOibUl0vQ0="></latexit><latexit sha1_base64="OZDj2qyY2LEmiez9ldOibUl0vQ0="></latexit><latexit sha1_base64="OZDj2qyY2LEmiez9ldOibUl0vQ0="></latexit><latexit sha1_base64="OZDj2qyY2LEmiez9ldOibUl0vQ0="></latexit>

x4
<latexit sha1_base64="3S3qaeqQ9zR8my6JpZDvFlAzTxU="></latexit><latexit sha1_base64="3S3qaeqQ9zR8my6JpZDvFlAzTxU="></latexit><latexit sha1_base64="3S3qaeqQ9zR8my6JpZDvFlAzTxU="></latexit><latexit sha1_base64="3S3qaeqQ9zR8my6JpZDvFlAzTxU="></latexit>

x5
<latexit sha1_base64="5171ZJXcRk4UkbAeuUEmwOUijbc="></latexit><latexit sha1_base64="5171ZJXcRk4UkbAeuUEmwOUijbc="></latexit><latexit sha1_base64="5171ZJXcRk4UkbAeuUEmwOUijbc="></latexit><latexit sha1_base64="5171ZJXcRk4UkbAeuUEmwOUijbc="></latexit>

x6
<latexit sha1_base64="ITsVNVtzZO5L1tD3e1e2ZCrtVfc="></latexit><latexit sha1_base64="ITsVNVtzZO5L1tD3e1e2ZCrtVfc="></latexit><latexit sha1_base64="ITsVNVtzZO5L1tD3e1e2ZCrtVfc="></latexit><latexit sha1_base64="ITsVNVtzZO5L1tD3e1e2ZCrtVfc="></latexit>

x7
<latexit sha1_base64="gcMyGelkbfiFJqjyu3ayTmz2YEY="></latexit><latexit sha1_base64="gcMyGelkbfiFJqjyu3ayTmz2YEY="></latexit><latexit sha1_base64="gcMyGelkbfiFJqjyu3ayTmz2YEY="></latexit><latexit sha1_base64="gcMyGelkbfiFJqjyu3ayTmz2YEY="></latexit>

x8
<latexit sha1_base64="20CBTWX71Tp11rfm7whiLI5Wsv4="></latexit><latexit sha1_base64="20CBTWX71Tp11rfm7whiLI5Wsv4="></latexit><latexit sha1_base64="20CBTWX71Tp11rfm7whiLI5Wsv4="></latexit><latexit sha1_base64="20CBTWX71Tp11rfm7whiLI5Wsv4="></latexit>

x̃8
<latexit sha1_base64="NYFPVRrSBZ0OgHibE6yEUih0ZQQ="></latexit><latexit sha1_base64="NYFPVRrSBZ0OgHibE6yEUih0ZQQ="></latexit><latexit sha1_base64="NYFPVRrSBZ0OgHibE6yEUih0ZQQ="></latexit><latexit sha1_base64="NYFPVRrSBZ0OgHibE6yEUih0ZQQ="></latexit>

x̃7
<latexit sha1_base64="HbIDylPO/3dkegIUsmMXLduLNoY="></latexit><latexit sha1_base64="HbIDylPO/3dkegIUsmMXLduLNoY="></latexit><latexit sha1_base64="HbIDylPO/3dkegIUsmMXLduLNoY="></latexit><latexit sha1_base64="HbIDylPO/3dkegIUsmMXLduLNoY="></latexit>

x̃6
<latexit sha1_base64="N5yEwZkiT28Q/w1Y0+WmNTZ9S0o="></latexit><latexit sha1_base64="N5yEwZkiT28Q/w1Y0+WmNTZ9S0o="></latexit><latexit sha1_base64="N5yEwZkiT28Q/w1Y0+WmNTZ9S0o="></latexit><latexit sha1_base64="N5yEwZkiT28Q/w1Y0+WmNTZ9S0o="></latexit>

x̃5
<latexit sha1_base64="1mGF0VNKZJlG1EP9UlSZzw12v+k="></latexit><latexit sha1_base64="1mGF0VNKZJlG1EP9UlSZzw12v+k="></latexit><latexit sha1_base64="1mGF0VNKZJlG1EP9UlSZzw12v+k="></latexit><latexit sha1_base64="1mGF0VNKZJlG1EP9UlSZzw12v+k="></latexit>

x̃4<latexit sha1_base64="YNew4Luk9zk5UWNkuym4Xq1lB+o="></latexit><latexit sha1_base64="YNew4Luk9zk5UWNkuym4Xq1lB+o="></latexit><latexit sha1_base64="YNew4Luk9zk5UWNkuym4Xq1lB+o="></latexit><latexit sha1_base64="YNew4Luk9zk5UWNkuym4Xq1lB+o="></latexit>

x̃3
<latexit sha1_base64="Ekx1cfjdO8IwEm79Df+uiCzuwis="></latexit><latexit sha1_base64="Ekx1cfjdO8IwEm79Df+uiCzuwis="></latexit><latexit sha1_base64="Ekx1cfjdO8IwEm79Df+uiCzuwis="></latexit><latexit sha1_base64="Ekx1cfjdO8IwEm79Df+uiCzuwis="></latexit>

x̃2<latexit sha1_base64="xva0GTehG+WghgWzLIEK2F1nh3g="></latexit><latexit sha1_base64="xva0GTehG+WghgWzLIEK2F1nh3g="></latexit><latexit sha1_base64="xva0GTehG+WghgWzLIEK2F1nh3g="></latexit><latexit sha1_base64="xva0GTehG+WghgWzLIEK2F1nh3g="></latexit>

x̃1<latexit sha1_base64="vAyTfm15ycDV9z7/L6LY0EiwNHY="></latexit><latexit sha1_base64="vAyTfm15ycDV9z7/L6LY0EiwNHY="></latexit><latexit sha1_base64="vAyTfm15ycDV9z7/L6LY0EiwNHY="></latexit><latexit sha1_base64="vAyTfm15ycDV9z7/L6LY0EiwNHY="></latexit>

minimize| {z }
A

minimize| {z }
A

+ If													for	parameters									,																																	produces	an	accurate	manifoldx̃ ¥ x
<latexit sha1_base64="jabDSs01/PGWMX7NlkpbJxyPkcE="></latexit><latexit sha1_base64="jabDSs01/PGWMX7NlkpbJxyPkcE="></latexit><latexit sha1_base64="jabDSs01/PGWMX7NlkpbJxyPkcE="></latexit><latexit sha1_base64="jabDSs01/PGWMX7NlkpbJxyPkcE="></latexit>

Encoder henc(·; ◊enc)
<latexit sha1_base64="CjTLPn3YXEpJm1dR47uGY0Me0Fg="></latexit><latexit sha1_base64="CjTLPn3YXEpJm1dR47uGY0Me0Fg="></latexit><latexit sha1_base64="CjTLPn3YXEpJm1dR47uGY0Me0Fg="></latexit><latexit sha1_base64="CjTLPn3YXEpJm1dR47uGY0Me0Fg="></latexit>

Decoder hdec(·; ◊dec)
<latexit sha1_base64="76KsB5bMpaTJD3XhowdusbDRKj4="></latexit><latexit sha1_base64="76KsB5bMpaTJD3XhowdusbDRKj4="></latexit><latexit sha1_base64="76KsB5bMpaTJD3XhowdusbDRKj4="></latexit><latexit sha1_base64="76KsB5bMpaTJD3XhowdusbDRKj4="></latexit>

x̃ = hdec(·; ◊dec) ¶ henc(x; ◊enc)
<latexit sha1_base64="h2Es0XrFpGsBNIauEs7oqiZ//TA="></latexit><latexit sha1_base64="h2Es0XrFpGsBNIauEs7oqiZ//TA="></latexit><latexit sha1_base64="h2Es0XrFpGsBNIauEs7oqiZ//TA="></latexit><latexit sha1_base64="h2Es0XrFpGsBNIauEs7oqiZ//TA="></latexit>

g = hdec(·; ◊ı
dec)

<latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit><latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit><latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit>

◊ı
dec

<latexit sha1_base64="hiRT5PZs9x/zq0GUYy3MJAm8U2k="></latexit><latexit sha1_base64="hiRT5PZs9x/zq0GUYy3MJAm8U2k="></latexit><latexit sha1_base64="hiRT5PZs9x/zq0GUYy3MJAm8U2k="></latexit><latexit sha1_base64="hiRT5PZs9x/zq0GUYy3MJAm8U2k="></latexit>
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1. Training:	Solve	ODE	for																							and	collect	simulaIon	data		
2. Machine	learning:	IdenIfy	structure	in	data

µ 2 Dtraining

Training algorithm

 17

dx
dt

= f(x; t,µ)ODE:
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1. Training:	Solve	ODE	for																							and	collect	simulaIon	data		
2. Machine	learning:	IdenIfy	structure	in	data

µ 2 Dtraining

Training algorithm

 17

dx
dt

= f(x; t,µ)ODE:

D
X =

<latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit><latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit><latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit><latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit>
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1. Training:	Solve	ODE	for																							and	collect	simulaIon	data		
2. Machine	learning:	IdenIfy	structure	in	data

Training algorithm: POD

�18

dx
dt

= f(x; t,µ)ODE:

µ 2 Dtraining

= U ⌃ VTX =
<latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit><latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit><latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit><latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit>
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1. Training:	Solve	ODE	for																							and	collect	simulaIon	data		
2. Machine	learning:	IdenIfy	structure	in	data

Training algorithm: POD

�18

dx
dt

= f(x; t,µ)ODE:

µ 2 Dtraining

= U ⌃ VT�X =
<latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit><latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit><latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit><latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit>

‣ 						SaIsfies minimize
�̄œRN◊p , �̄T �̄=I

ÎX ≠ �̄�̄
T
XÎF

<latexit sha1_base64="HOb7mSL6lASbwRoLSAV73Qh/C+Q="></latexit><latexit sha1_base64="HOb7mSL6lASbwRoLSAV73Qh/C+Q="></latexit><latexit sha1_base64="HOb7mSL6lASbwRoLSAV73Qh/C+Q="></latexit><latexit sha1_base64="HOb7mSL6lASbwRoLSAV73Qh/C+Q="></latexit>

�
<latexit sha1_base64="wYnKu1dkih8QHZoiTkSX1o0+VlE="></latexit><latexit sha1_base64="wYnKu1dkih8QHZoiTkSX1o0+VlE="></latexit><latexit sha1_base64="wYnKu1dkih8QHZoiTkSX1o0+VlE="></latexit><latexit sha1_base64="wYnKu1dkih8QHZoiTkSX1o0+VlE="></latexit>
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1. Training:	Solve	ODE	for																							and	collect	simulaIon	data		
2. Machine	learning:	IdenIfy	structure	in	data

Training algorithm: autoencoder

�19

dx
dt

= f(x; t,µ)ODE:

µ 2 Dtraining

X =
<latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit><latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit><latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit><latexit sha1_base64="trQCrkHAZLyMw5O/TIBPhRrmX1Y="></latexit>

= X̃(◊)
<latexit sha1_base64="PxaiTZEUjVXAZXJenwzWMaXm9rg="></latexit><latexit sha1_base64="PxaiTZEUjVXAZXJenwzWMaXm9rg="></latexit><latexit sha1_base64="PxaiTZEUjVXAZXJenwzWMaXm9rg="></latexit><latexit sha1_base64="PxaiTZEUjVXAZXJenwzWMaXm9rg="></latexit>

◊enc
<latexit sha1_base64="pp6NVu+q8OQsmCW4DHZxCBIUFFM="></latexit><latexit sha1_base64="pp6NVu+q8OQsmCW4DHZxCBIUFFM="></latexit><latexit sha1_base64="pp6NVu+q8OQsmCW4DHZxCBIUFFM="></latexit><latexit sha1_base64="pp6NVu+q8OQsmCW4DHZxCBIUFFM="></latexit>

◊dec
<latexit sha1_base64="qHaY3jbnxFPKFKMCY1BPa3RbUXg="></latexit><latexit sha1_base64="qHaY3jbnxFPKFKMCY1BPa3RbUXg="></latexit><latexit sha1_base64="qHaY3jbnxFPKFKMCY1BPa3RbUXg="></latexit><latexit sha1_base64="qHaY3jbnxFPKFKMCY1BPa3RbUXg="></latexit>

‣ 	Compute							by	approximately	solving
‣ 	Define	nonlinear	trial	manifold	by	sepng	
+ 	Same	snapshot	data,	no	specialized	problem	knowledge

◊ı
<latexit sha1_base64="LTFYG4lMmH0iDL81BAEtn3hQkWg="></latexit><latexit sha1_base64="LTFYG4lMmH0iDL81BAEtn3hQkWg="></latexit><latexit sha1_base64="LTFYG4lMmH0iDL81BAEtn3hQkWg="></latexit><latexit sha1_base64="LTFYG4lMmH0iDL81BAEtn3hQkWg="></latexit>

g = hdec(·; ◊ı
dec)

<latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit><latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit><latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit>

minimize
◊

ÎX ≠ X̃(◊)ÎF
<latexit sha1_base64="behmpjldWC2vBiRy8UeWNpjUBC4="></latexit><latexit sha1_base64="behmpjldWC2vBiRy8UeWNpjUBC4="></latexit><latexit sha1_base64="behmpjldWC2vBiRy8UeWNpjUBC4="></latexit><latexit sha1_base64="behmpjldWC2vBiRy8UeWNpjUBC4="></latexit>
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‣ 					:				,	inlet	boundary	condiIon	
‣ Spa(al	discre(za(on:	finite	volume	
‣ Time	integrator:	backward	Euler	

Numerical results

�20

1D Burgers’ equation 2D reacting flow

@w(x , t;µ)

@t
+

@f (w(x , t;µ))

@x
= 0.02e↵x

<latexit sha1_base64="yPqF+nOTzpztmDd+o0k7ZsK1tg0=">AAA64nicvVtbbxy3FZbTW6zenPalQF/YCGqlRkq0coCmDhzEsRzHiSKpkiwb1UoLzixnl9HszHiGK608mT9Q9KXoa/9Y/0Z/Qc/hZS7k7E0FugjiXfL7Dm+Hh+ccUl4S8kzs7Pz73js/+OGPfvyTd++v/vRnP//FLx+896uzLB6nPnvpx2GcvvZoxkIesZeCi5C9TlJGR17IXnlXT7H+1TVLMx5Hp+I2YRcjOoh4wH0qoKj34O </latexit><latexit sha1_base64="yPqF+nOTzpztmDd+o0k7ZsK1tg0=">AAA64nicvVtbbxy3FZbTW6zenPalQF/YCGqlRkq0coCmDhzEsRzHiSKpkiwb1UoLzixnl9HszHiGK608mT9Q9KXoa/9Y/0Z/Qc/hZS7k7E0FugjiXfL7Dm+Hh+ccUl4S8kzs7Pz73js/+OGPfvyTd++v/vRnP//FLx+896uzLB6nPnvpx2GcvvZoxkIesZeCi5C9TlJGR17IXnlXT7H+1TVLMx5Hp+I2YRcjOoh4wH0qoKj34O </latexit><latexit sha1_base64="yPqF+nOTzpztmDd+o0k7ZsK1tg0=">AAA64nicvVtbbxy3FZbTW6zenPalQF/YCGqlRkq0coCmDhzEsRzHiSKpkiwb1UoLzixnl9HszHiGK608mT9Q9KXoa/9Y/0Z/Qc/hZS7k7E0FugjiXfL7Dm+Hh+ccUl4S8kzs7Pz73js/+OGPfvyTd++v/vRnP//FLx+896uzLB6nPnvpx2GcvvZoxkIesZeCi5C9TlJGR17IXnlXT7H+1TVLMx5Hp+I2YRcjOoh4wH0qoKj34O </latexit><latexit sha1_base64="yPqF+nOTzpztmDd+o0k7ZsK1tg0=">AAA64nicvVtbbxy3FZbTW6zenPalQF/YCGqlRkq0coCmDhzEsRzHiSKpkiwb1UoLzixnl9HszHiGK608mT9Q9KXoa/9Y/0Z/Qc/hZS7k7E0FugjiXfL7Dm+Hh+ccUl4S8kzs7Pz73js/+OGPfvyTd++v/vRnP//FLx+896uzLB6nPnvpx2GcvvZoxkIesZeCi5C9TlJGR17IXnlXT7H+1TVLMx5Hp+I2YRcjOoh4wH0qoKj34O </latexit>

@w(~x , t;µ)

@t
= r · (rw(~x , t;µ))

� v ·rw(~x , t;µ) + q(w(~x , t;µ);µ)
<latexit sha1_base64="tI729Uhdxtseh/EZ7Vqh5Xp1jNg="></latexit><latexit sha1_base64="tI729Uhdxtseh/EZ7Vqh5Xp1jNg="></latexit><latexit sha1_base64="tI729Uhdxtseh/EZ7Vqh5Xp1jNg="></latexit><latexit sha1_base64="tI729Uhdxtseh/EZ7Vqh5Xp1jNg="></latexit>

µ
<latexit sha1_base64="k2v5IaqJyiLmBJU0kDhzl4RDjOo="></latexit><latexit sha1_base64="k2v5IaqJyiLmBJU0kDhzl4RDjOo="></latexit><latexit sha1_base64="k2v5IaqJyiLmBJU0kDhzl4RDjOo="></latexit><latexit sha1_base64="k2v5IaqJyiLmBJU0kDhzl4RDjOo="></latexit>

‣ 					:	two	terms	in	reacIon	
‣ Spa(al	discre(za(on:	finite	difference	
‣ Time	integrator:	BDF2

µ
<latexit sha1_base64="k2v5IaqJyiLmBJU0kDhzl4RDjOo="></latexit><latexit sha1_base64="k2v5IaqJyiLmBJU0kDhzl4RDjOo="></latexit><latexit sha1_base64="k2v5IaqJyiLmBJU0kDhzl4RDjOo="></latexit><latexit sha1_base64="k2v5IaqJyiLmBJU0kDhzl4RDjOo="></latexit>

↵
<latexit sha1_base64="TxSgDrX5kNizzu0li0WPhmR4seg="></latexit><latexit sha1_base64="TxSgDrX5kNizzu0li0WPhmR4seg="></latexit><latexit sha1_base64="TxSgDrX5kNizzu0li0WPhmR4seg="></latexit><latexit sha1_base64="TxSgDrX5kNizzu0li0WPhmR4seg="></latexit>

Autoencoder architecture
Input

x

Restrict

+ Scale
Reshape +

Transform

Layer 1

Layer nconv

Layer nconv + 1

Layer nconv + nfull

Encoder henc(x;✓enc)

Convolution layers Fully-connected layers

Code x̂

Layer 1

Layer nfull

Transform

+ Reshape

Transposed convolution layers

Layer nfull + 1

Layer nfull + nconv

Fully-connected layers

Decoder hdec(x̂;✓dec)

Inverse scale

+Prolongate

Output

x̃ = hdec(·;✓dec) � henc(x;✓enc)

minimize| {z }
A

minimize| {z }
A

minimize| {z }
A

minimize| {z }
A4	convoluIonal	

layers
2	fully-connected	

layers
4	convoluIonal	

layers
2	fully-connected	

layers
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Manifold interpretation: Burgers’ equation

�21

POD, p=3 Autoencoder, p=3
projection

FOM
projection

+ Projec(on	error	onto	3-dimensional	manifold	nearly	perfect
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Manifold LSPG outperforms optimal linear subspace

�22

1D Burgers’ equation
conserved	variable	

high-fidelity 
model

POD-LSPG 
p=5

Manifold LSPG 
p=5

	x	

2D reacting flow
temperature H2 fraction
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P2(M, range(�))
<latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit><latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit><latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit><latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit>

Method overcomes Kolmogorov-width limitation

�23

dimension	n	

re
la
Iv
e	
er
ro
r	

reduced	dimension	p	 reduced	dimension	p	

+ Autoencoder	manifold	significantly	beier	than	opImal	linear	subspace

dim(M)
<latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit><latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit><latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit><latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit>

d̃p(M)
<latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit>

P2(M,S)
<latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="tRkVu21bdM4dDDYrs0VFg6nQOr0="></latexit><latexit sha1_base64="P9jdkjJy7eUykjehjN/Do0HQHDU="></latexit><latexit sha1_base64="P9jdkjJy7eUykjehjN/Do0HQHDU="></latexit><latexit sha1_base64="aKDcKsZ93WOfMp8mDbg+0ViN5lY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit>

1D Burgers’ equation 2D reacting flow

subspace	LSPG
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P2(M, range(�))
<latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit><latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit><latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit><latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit>

Method overcomes Kolmogorov-width limitation

�23

+ Manifold	LSPG	orders-of-magnitude	more	accurate	than	subspace	LSPG

dimension	n	

re
la
Iv
e	
er
ro
r	

reduced	dimension	p	 reduced	dimension	p	

+ Autoencoder	manifold	significantly	beier	than	opImal	linear	subspace

dim(M)
<latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit><latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit><latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit><latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit>

d̃p(M)
<latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit>

P2(M,S)
<latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="tRkVu21bdM4dDDYrs0VFg6nQOr0="></latexit><latexit sha1_base64="P9jdkjJy7eUykjehjN/Do0HQHDU="></latexit><latexit sha1_base64="P9jdkjJy7eUykjehjN/Do0HQHDU="></latexit><latexit sha1_base64="aKDcKsZ93WOfMp8mDbg+0ViN5lY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit>

1D Burgers’ equation 2D reacting flow

subspace	LSPG

manifold	LSPG



/38

Kookjin	Lee	and	Kevin	CarlbergModel	reduc5on	on	nonlinear	manifolds	using	deep	convolu5onal	autoencoders

P2(M, range(�))
<latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit><latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit><latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit><latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit>

Method overcomes Kolmogorov-width limitation

�23

+ Manifold	LSPG	orders-of-magnitude	more	accurate	than	subspace	LSPG
+ Method	shaiers	Kolmogorov-width	limitaIon
+ Manifold	LSPG	outperforms	manifold	Galerkin	on	1D	Burgers’	equaIon

dimension	n	

re
la
Iv
e	
er
ro
r	

reduced	dimension	p	 reduced	dimension	p	

+ Autoencoder	manifold	significantly	beier	than	opImal	linear	subspace

dim(M)
<latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit><latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit><latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit><latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit>

d̃p(M)
<latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit>

P2(M,S)
<latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="tRkVu21bdM4dDDYrs0VFg6nQOr0="></latexit><latexit sha1_base64="P9jdkjJy7eUykjehjN/Do0HQHDU="></latexit><latexit sha1_base64="P9jdkjJy7eUykjehjN/Do0HQHDU="></latexit><latexit sha1_base64="aKDcKsZ93WOfMp8mDbg+0ViN5lY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit>

1D Burgers’ equation 2D reacting flow

subspace	LSPG

manifold	LSPG

subspace	Galerkin

manifold	Galerkin
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Outlook

�24

x̂n = argmin
v̂œRp

ÎArn(g(v̂))Î2
<latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit>

x̂n = argmin
v̂œRp

ÎArn(g(v̂))Î2
<latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit>

d x̂
dt

= argmin
v̂œRn

Îr(Òg(x̂)v̂, g(x̂); t)Î2
<latexit sha1_base64="3SyEFPQooVdew7Ae1OwDddyqGWo="></latexit><latexit sha1_base64="3SyEFPQooVdew7Ae1OwDddyqGWo="></latexit><latexit sha1_base64="3SyEFPQooVdew7Ae1OwDddyqGWo="></latexit><latexit sha1_base64="3SyEFPQooVdew7Ae1OwDddyqGWo="></latexit>

Manifold Galerkin Manifold LSPG

Interpreta5on	
‣ First	work	demonstraIng	physics-constrained	Ime	evoluIon	of	codes

Gradient	computa5on	
‣ BackpropagaIon	used	to	compute	decoder	Jacobian	
‣ Quasi-Newton	solvers	directly	call	TensorFlow

Òg(x̂)
<latexit sha1_base64="Qf8FhkvYhHh1xtObAWHzMP1Yj5Y="></latexit><latexit sha1_base64="Qf8FhkvYhHh1xtObAWHzMP1Yj5Y="></latexit><latexit sha1_base64="Qf8FhkvYhHh1xtObAWHzMP1Yj5Y="></latexit><latexit sha1_base64="Qf8FhkvYhHh1xtObAWHzMP1Yj5Y="></latexit>

Forward-compa5ble	extensions	
‣ Hyper-reduc(on:	convoluIonal	layers	preserve	sparsity	
‣ Structure	preserva(on:	equality	constraints	enforcing	conservaIon

Future	work	
‣ Detailed	study	of	architecture,	amount	of	requisite	training	
‣ IntegraIon	in	large-scale	code
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Reference:	Lee	and	C.	“Model	reduc(on	of	dynamical	systems	on	nonlinear	
manifolds	using	deep	convolu(onal	autoencoders,”	arXiv	e-Print,	1812.08373	
(2018).	

Questions?

Sandia	Na(onal	Laboratories	is	a	mul(mission	laboratory	managed	and	operated	by	Na(onal	Technology	and	Engineering	Solu(ons	of	
Sandia,	LLC.,	a	wholly	owned	subsidiary	of	Honeywell	Interna(onal,	Inc.,	for	the	U.S.	Department	of	Energy’s	Na(onal	Nuclear	Security	
Administra(on	under	contract	DE-NA-0003525.	Lawrence	Livermore	Na(onal	Laboratory	is	operated	by	Lawrence	Livermore	Na(onal	
Security,	LLC,	for	the	U.S.	Department	of	Energy,	Na(onal	Nuclear	Security	Administra(on	under	Contract	DE-AC52-07NA27344.		

�25

x1
<latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit>

x2
<latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit>

x3
<latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit>

high-fidelity 
model

POD-LSPG 
p=5

Manifold LSPG 
p=5

Our	group	in	Livermore,	California	has	staff	and	postdoc	openings	
(email	me:	ktcarlb@sandia.gov)


