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High-fidelity simulation
+Indispensable in science and engineering
- Extreme-scale models required for high fidelity

+Validated and predictive: matches wind-tunnel experiments to within 5%
- Extreme scale: 100 million cells, 200,000 time steps
- High simulation costs: 6 weeks, 5000 cores

computational barrier

Time-critical applications

e design e uncertainty quantification e health monitoring e control

Goal: break computational barrier
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How does classical model reduction work?
x(t) = x(t) =P x(t) FOM ODE Galerkin ODE

dx residual dx T
I I dr f(x )) minimization \ op — f((l)x t))

LSPG OAE ( — ., X, t] = ) (d))A(, t) = argmin [[r(v, X, t)||>
[C., Bou-Mosleh, Farhat, 2011] vErange(®)

wn(ﬁn)Trn((D)/En) — 0 time time
n=1..,T discretization discretization l
t v
FOM OAE Galerkin OAE

[ ®3" = argmin [[r"(v)]|> =
vErange(®) <_residual r"(x") =0 ¢ r"(®x") =0

k n=1,...,T J minimization n:]_,___,T n=1,...,T

» FOM ODE residual: r(v,x,t) :=v —f(x, t)

» FOM OAE residual: r"(w) := aow — Atﬂof (w, t )+Zajx" (v) - AtZBJf(x” ")

j=1

» LSPG test basis: V(W) := (aol +5oAt—(¢w )) ®
» Detailed comparative analysis: C, Barone, Antil, J Comp Phys, 2017.
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Captive carry

» Unsteady Navier—Stokes »*Re=6.3x10® » M..=0.6

Spatial discretization Temporal discretization
» 2nd-order finite volume » 2nd-order BDF
» DES turbulence model » Verified time step At =15 x 1073

» 1.2 x 10° degrees of freedom » 8.3 x 10° time instances
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I_SPG ROM W|th Samp‘e meSh [C., Barone, Antil, 2017]

&x" = argmin |[r"(v)||2
vErange(®)
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I_SPG ROM W|th Samp‘e meSh [C., Barone, Antil, 2017]

&x" = argmin [|[r"(v)|le

vErange(®)
sample
mesh i
+ HPC on a laptop
vorticity field pressure field
LSPG ROM Tom

32 min, 2 cores

high-fidelity
5 hours, 48 cores

+229x savings in core—hours
+< 1% error in time-averaged drag

.. SO why doesn’t everyone use ROMs?
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Good performance is not guaranteed

x(t) ~ x( CDx(t)

1) Linear-subspace assumption is strong €= This talk

Reference: Lee and C. “Model reduction of dynamical systems on nonlinear
manifolds using deep convolutional autoencoders,” arXiv e-Print, 1812.08373
(2018).

2) Accuracy limited by content of ® €= Etter, 3:05pm today, this room

Reference: Etter and C. “Online adaptive basis refinement and compression
for reduced-order models,” arXiv e-Print, 1902.10659 (2019).
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Kolmogorov-width limitation of linear subspaces

» M == {x(t,p) | t € [0, Thnal], p € D}: solution manifold
» Sp 1 set of all p-dimensional linear subspaces

» dp(M) = Slgg Po(M,S), Psc(M,S) : = sup inf inf ||x —y|
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Kolmogorov-width limitation of linear subspaces

» M == {x(t,p) | t € [0, Thnal], p € D}: solution manifold
» Sp : set of all p-dimensional linear subspaces

 d = inf Py(M,S) , Po(M,S) £ llx — y||? x||2
(M) = Jnf Po(M.S), PaM.S)i= |3, nflke=yl/, [ ]
. Example i
\ | | I d, (M)
5 00 . Py(M, range(®))
(- : ot :
Q ’u.j\\
Q
E 1074 ¢
(T bas:s deflCIe“ncyI
®
10—6é .........
5 1IO 1I5 2IO 25

reduced dimension p
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Kolmogorov-width limitation of linear subspaces

» M == {x(t,p) | t € [0, Thnal], p € D}: solution manifold
» Sp : set of all p-dimensional linear subspaces

’ Zfp(/\/l) F= Slgg Py(M,S) |, P2(M,S) Z mf |x — yl|?/ Z 1x]|2
’ xeM” xEM
. Example )
T I dy (M)
;':.*.;.‘\“ & !
S el —— Py(M, range(®))
E  closureerror|
> Ve X %src P
2 -t T N
@®© e ]
o |
10—6é .........

3 10 15 20 25

reduced dimension p
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Kolmogorov-width limitation of linear subspaces

» M= {x(t, ) |t €10, Ttnal], p € D}: solution manifold
» O @ set of all p-dimensional linear subspaces

’ ap(~/\/l) L= Slélg Py(M,S) |, P2(M,S) Z 1nf Ix —y|?/ Z | x]|?
’ xem’ x€M
. Example i
\ i i ; I d,(M)
N, I} g
.’F"% 1
§ 1072} Jl‘\\\ —— Pq (M, range(cb))
— - "~I,j\
v | D — 5
L Kolmogorov-W/dth Vel LSZPG”
5 ! _ V2 xem IX]
e | limitation-._ z
v | e |
el 10_6;_ : ............ i dlm(M)
3 5 10 15 20 25

reduced dimension p
- Kolmogorov-width limitation: significant error for p = dim(M)
Goal: overcome limitation via projection onto a nonlinear manifold
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Overcoming Kolmogorov-width limitation

Transform/update the linear subspace

[Ohlberger and Rave, 2013; lollo and Lombardi, 2014; Gerbeau and Lombardi, 2014; Peherstorfer and Willcox, 2015;

Welper, 2017; Mojgani and Balajewicz, 2017; Reiss et al., 2018; Zimmermann et al., 2018; Peherstorfer, 2018; Rim
and Mandli, 2018; Rim and Mandli, 2018; Nair and Balajewicz, 2019; Cagniart et al., 2019]

+ Can work much better than a fixed basis

- Some require problem-specific knowledge or characteristics
- Do not consider manifolds of general nonlinear structure
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Overcoming Kolmogorov-width limitation

A priori construction of local linear subspaces
[Dihlmann et al., 2011; Drohmann et al., 2011; Amsallem, Zahr, Farhat, 2012; Peherstorfer et el., 2014; Taddei et al., 2015]

+ Tailored bases for Voronoi diagrams of time/spatial domain, state space
- Do not consider manifolds of general nonlinear structure
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Overcoming Kolmogorov-width limitation

Model reduction on nonlinear manifolds (cu, 2011; kashima, 2016; Hartman and Mestha, 2017]
- Kinematically inconsistent [kashima, 2016; Hartman and Mestha, 2017]

- Limited to piecewise linear manifolds (cu, 2011]

- Solutions lack optimality [6u, 2011; kashima, 2016; Hartman and Mestha, 2017]
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Goals

Overcome shortcomings of existing methods
+ Enable manifolds with general nonlinear structure
+ Kinematically consistent

+ Satisfy optimality property
Manifold Galerkin and LSPG projection

Practical nonlinear-manifold construction

+ No problem-specific knowledge or characteristics required
+ Use same snapshot data as POD

Deep convolutional autoencoders

Model reduction on nonlinear manifolds using deep convolutional autoencoders Kookjin Lee and Kevin Carlberg



Goals

Overcome shortcomings of existing methods
+ Enable manifolds with general nonlinear structure
+ Kinematically consistent

+ Satisfy optimality property
Manifold Galerkin and LSPG projection

Practical nonlinear-manifold construction
+ No problem-specific knowledge required
+ Use same snapshot data as POD

Deep convolutional autoencoders

Model reduction on nonlinear manifolds using deep convolutional autoencoders Kookjin Lee and Kevin Carlberg



Nonlinear trial manifold

Linear trial subspace Nonlinear trial manifold

range(®) := {®dx|x € RP} S :={g(x)|x € RP}
example x
N=3
p=2

state  x(t) ~%(t) = DK(t) € range(®)  x(t) m k(1) = g(X(1)) € S
I

| 1B |0

+ manifold has general structure

, dx  dx dx dx  dx . dx
velocity —- =~ =®_-¢ range(®) N = Vg(x)a e TS

+ kinematically consistent
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Manifold Galerkin and LSPG projection

Linear-subspace ROM  Nonlinear-manifold ROM
I

Galerkin == = argmin|[r(®v, ®x; t)||o dx = argmin||r(Vg(X)v, g(X); t)]|2
dt JERP dt JERn
0 )
dx o . . dx e .
®— = argmin |V —f(®x;t)|l2  Vg(x)— = argmin||v — f(g(x); t)]|2
dt vErange(®) dt ve TS
0 0
dx dx
— = oTf(dx; —- = Ve(x) " f(g(%);t
X oThex X Ve Hg(®): )
LSPG

x™ = argmin||r"(Dv)||5 x" = argmin||r" (g(
JERP JERP

<>
N—"
N—"
&)

+ Satisfy residual-minimization properties
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Error bound

If the following conditions hold:
1. f(-; t) is Lipschitz continuous with Lipschitz constant «

2. At is small enough such that 0 < h := \ao| |Bo|kAL, then

%" — gRE)l2 < i (g(ke)) ]2t wa" ¢ g(xe)ls

. I (9) ~
[x" — g(Xispe)ll2 <  min [|rispe(g(¥))l2+ ZWH!X” g(XLspa)||2

+ Manifold LSPG sequentially minimizes the error bound
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Equivalence

Linear-subspace and nonlinear-manifold LSPG projection are equivalent if

» the trial manifold is affine, i.e., g : X — Ax+b

Linear-subspace and nonlinear-manifold Galerkin projection are equivalent if
» the trial manifold is affine, i.e., g : x— Ax+ b , and

» the Jacobian matrix A is orthogonal.

Manifold Galerkin and manifold LSPG are equivalent if

1. the nonlinear trial manifold S is twice continuously differentiable,
2. |X" = %"|| = O(At) forn=1,...,T and j=1,...,k, and

3. the limit At — 0is taken.
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Goals

Overcome shortcomings of existing methods

+ Enable manifolds with general nonlinear structure
+ Kinematically consistent

+ Satisfy optimality property

Manifold Galerkin and LSPG projection

Practical nonlinear-manifold construction
+ No problem-specific knowledge required
+ Use same snapshot data as POD

Deep convolutional autoencoders

S i= {g(%)| % € RP}
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Deep autoencoders
Input layer Code Output layer

o‘ r
B\
o < R S S
’oll N\ <
0-' \0

Encoder henc(-;0c.nc) Decoder hyec(-; O4ec)
X = hdec('§ Hdec) O henc (X§ Henc)

+ If X & x for parameters 0, g = hgec(+; 0..) produces an accurate manifold
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Training algorithm
dx

. — =f(x;t,
ODE ” (x; t, u)

1. Training: Solve ODE for g € Dypining and collect simulation data

number of

time steps T
+—>

A

number of
state variables N
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Training algorithm
dx

. — =f(x;t,
ODE ” (x; t, u)

1. Training: Solve ODE for g € Dypining and collect simulation data
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Training algorithm: POD

ODE: — =f(x;t, u)

1. Training: Solve ODE for g € Diyaining and collect simulation data
2. Machine learning: |dentify structure in data
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Training algorithm: POD

ODE: — =f(x;t, u)

1. Training: Solve ODE for gt € Diraining and collect simulation data
2. Machine learning: |dentify structure in data

X.IU | ’

o - T
» @ Satisfies minimize || X — ®d X||
OCRVXP, &' =]
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Training algorithm: autoencoder

ODE: — =f(x;t, u)

1. Training: Solve ODE for g € Diyaining and collect simulation data
2. Machine learning: |dentify structure in data

» Compute 8™ by approximately solving miniemize||X — X(0)||F

» Define nonlinear trial manifold by setting g = hgec(+; 03..)

+ Same snapshot data, no specialized problem knowledge
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Numerical results

1D BUI’QGI’S, equation 2D reacting flow
. . ow(X, t; .
Owlx, tip) | WO tim) g ooox PMEER) _ g (epw(s, ;)
ot Ox t B _
—v-Vw(X, t; p) + q(w(X, t; p); 1)
» W @, inlet boundary condition > JL:two terms in reaction

» Spatial discretization: finite volume » Spatial discretization: finite difference

* Time integrator: backward Euler * Time integrator: BDF2

Autoencoder architecture

L fﬁll Ilﬁ/

4 convolutional 2 fully-connected 2 fully-connected 4 convolutional
layers layers layers layers
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Manifold interpretation: Burgers’ equation

FOM POD, p=3 Autoencoder, p=3
projection projection

t=22.61, (u1, p2) = (4.39, 0.015) t=22.61, (p1, u2) = (4.39, 0.015)

0 0 Z1
-5
A—ZO
3 _a0 ~10
—-60 0 @2

5 solution . reconstruction  ; reconstruction
Q@ 61 D 6 @
e 35 = 61
O (S ©
4 '% 7 .% 4 -
> > >
§®)
GJ 2 -8 2“ 8 2_
> > >
0 T o O
w 0 T T T T y ' ! y 0 T T T T
S 0 20 40 60 80 100 é S L é 0 20 40 60 80 100
O spatial variable x O spatial variable x O spatial variable x

+ Projection error onto 3-dimensional manifold nearly perfect
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Manifold LSPG outperforms optimal linear subspace

1D Burgers’ equation
conserved variable

high-fidelity

model

POD-LSPG
p=>5

Manifold LSPG
p=5
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Nonlinear model reduction

2D reacting flow
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Method overcomes Kolmogorov-width limitation
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+ Autoencoder manifold significantly better than optimal linear subspace

Model reduction on nonlinear manifolds using deep convolutional autoencoders

Kookjin Lee and Kevin Carlberg



Method overcomes Kolmogorov-width limitation

1D Burgers’ equation

10°
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2D reacting flow
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+ Autoencoder manifold significantly better than optimal linear subspace
+ Manifold LSPG orders-of-magnitude more accurate than subspace LSPG
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Method overcomes Kolmogorov-width limitation

1D Burgers’ equation

2D reacting flow

10° 0 . — s
E: 5 0 'EQ%&@@ ® ® dP(M)
| I "
B % _ I\’*}\Q’\ ? - Py (./\/l, range(¢))
| % 4 N
10 N, . - 0N .
= RN I SN ~ = subspace LSPG
Q | ... R ] | KRN ]
| \"\..2 i ' : oy *.,.‘.\.\\ ! .
g ¥ b e | e | dim(M)
=AU R R ) e
EJ : "-Q\é : * PQ(M,S)
N . 3
Ll Sl e ifold LSPG
103 S ) {1073 | mani
* - 5 & :
L T | L | | | o subspace Galerkin
35 10 20 ] 30 Z%O 50 3 5 10 ] 15 ?0 25
reduced dimension p reduced dimension p manifold Galerkin

+ Autoencoder manifold significantly better than optimal linear subspace
+ Manifold LSPG orders-of-magnitude more accurate than subspace LSPG
+ Method shatters Kolmogorov-width limitation

+ Manifold LSPG outperforms on 1D Burgers’ equation
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Outlook

Manifold Galerkin Manifold LSPG
d% _ o N on _ . n N
pr azgerlgr!nHr(Vg(x)v,g(x), t)]|2 X aggegyn\!r (&(v))ll2
Interpretation

» First work demonstrating physics-constrained time evolution of codes

Gradient computation
» Backpropagation used to compute decoder Jacobian Vg(x)
» Quasi-Newton solvers directly call TensorFlow

Forward-compatible extensions
» Hyper-reduction: convolutional layers preserve sparsity
» Structure preservation: equality constraints enforcing conservation

Future work
» Detailed study of architecture, amount of requisite training
» Integration in large-scale code

Model reduction on nonlinear manifolds using deep convolutional autoencoders Kookjin Lee and Kevin Carlberg



Questions?

Reference: Lee and C. “Model reduction of dynamical systems on nonlinear
manifolds using deep convolutional autoencoders,” arXiv e-Print, 1812.08373
(2018).

model

500

high-fidelity H
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Our group in Livermore, California has staff and postdoc openings
(email me: ktcarlb@sandia.gov)

Sandia National Laboratories is a multimission laboratory managed and operated by National Technology and Engineering Solutions of
Sandia, LLC., a wholly owned subsidiary of Honeywell International, Inc., for the U.S. Department of Energy’s National Nuclear Security
Administration under contract DE-NA-0003525. Lawrence Livermore National Laboratory is operated by Lawrence Livermore National
Security, LLC, for the U.S. Department of Energy, National Nuclear Security Administration under Contract DE-AC52-07NA27344.
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