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+Validated	and	predic(ve:	matches	wind-tunnel	experiments	to	within	5%	
- Extreme	scale:	100	million	cells,	200,000	Ame	steps	
- High	simula(on	costs:	6	weeks,	5000	cores

High-fidelity simulation

 2

computa3onal	barrier

+ Indispensable	in	aerospace	applicaAons
- Extreme-scale	models	required	for	high	fidelity

Time-critical applications
๏ rapid	
design

๏ structural	health	
monitoring

๏model	predicAve	
control

๏ uncertainty	
quanAficaAon
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Computational barrier at NASA

 3

/38

Kevin	CarlbergBreaking	computa5onal	barriers

Computational barrier at NASA

“Despite	tremendous	progress	made	in	the	past	few	decades,	
CFD	tools	are	too	slow	for	simula=on	of	complex	geometry	flows…	
[taking]	from	thousands	to	millions	of	computa=onal	core-hours.”

“To	enable	high-fidelity	CFD	for	mul=-disciplinary	analysis	and	design,	the	
speed	of	computa=on	must	be	increased	by	orders	of	magnitude.”

“The	desired	outcome	is	any	approach	that	can		
accelerate	calcula5ons	by	a	factor	of	10x	to	1000x.”
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Approach: exploit simulation data

�4

Idea:	exploit	simula(on	data	collected	at	a	few	points

D

1. Training:	Solve	ODE	for																							and	collect	simulaAon	data	
2. Machine	learning:	IdenAfy	structure	in	data
3. Reduc(on:	Reduce	cost	of	ODE	solve	for

Time-cri)cal	problem:	rapidly	solve	ODE	for	µ 2 Dquery

µ 2 Dtraining

µ 2 Dquery \ Dtraining

ODE:
dx
dt

= f(x; t,µ), x(0,µ) = x0(µ), t 2 [0,Tfinal], µ 2 D
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Model reduction criteria

1. Accuracy:	achieves	less	than	1%	error

2. Low	cost:	achieves	at	least	100x	computaAonal-cost	savings

3. Structure	preserva)on:	preserves	intrinsic	physical	properAes

4. Robustness:	guaranteed	saAsfacAon	of	any	accuracy	requirement

5. Cer)fica)on:	accurately	quanAfy	the	ROM	error

�5
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Model reduction: existing approaches
Linear	3me-invariant	systems:	mature	[Antoulas,	2005]	
‣ Balanced	truncaAon	[Moore,	1981;	Willcox	and	Peraire,	2002;	Rowley,	2005]	
‣ Transfer-funcAon	interpolaAon	[Bai,	2002;	Freund,	2003;	Gallivan	et	al,	2004;	Baur	et	al.,	2001]	
+ Accurate,	reliable,	cer(fied:	sharp	a	priori	error	bounds	
+ Inexpensive:	pre-assemble	operators	
+ Structure	preserva(on:	guaranteed	stability

Ellip3c/parabolic	PDEs:	mature	[Prud’Homme	et	al.,	2001;	Barrault	et	al.,	2004;	Rozza	et	al.,	2008]	

‣ Reduced-basis	method	
+ Accurate,	reliable,	cer(fied:	sharp	a	priori	error	bounds,	convergence	
+ Inexpensive:	pre-assemble	operators	
+ Structure	preserva(on:	preserve	operator	properAes

Nonlinear	dynamical	systems:	ineffecAve	
‣ Proper	orthogonal	decomposiAon	(POD)–Galerkin	[Sirovich,	1987]	
- Inaccurate,	unreliable:	ofen	unstable	
- Not	cer(fied:	error	bounds	grow	exponenAally	in	Ame		
- Expensive:	projecAon	insufficient	for	speedup	
- Structure	not	preserved:	physical	properAes	ignored

�6
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Our research

Accurate,	low-cost,	structure-preserving,	
reliable,	cer)fied	nonlinear	model	reduc)on

‣ accuracy:	LSPG	projecAon	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	AnAl,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	CorAal,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
[C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2019]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2018]	

‣ robustness:	projecAon	onto	nonlinear	manifolds	[Lee,	C.,	2018]	
‣ robustness:	h-adapAvity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	

[Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2019;	Pagani,	Manzoni,	C.,	2019]

 7
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Our research

Accurate,	low-cost,	structure-preserving,	

reliable,	cer)fied	nonlinear	model	reduc)on

‣ accuracy:	LSPG	projecAon	[C.,	Bou-Mosleh,	Farhat,	2011*;	C.,	Barone,	AnAl,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	CorAal,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
‣ [C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2019]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2018]	

‣ robustness:	projecAon	onto	nonlinear	manifolds	[Lee,	C.,	2018]	
‣ robustness:	h-adapAvity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	
‣ [Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2019;	Pagani,	Manzoni,	C.,	2019]

 8

*	#2	most-cited	paper,	Int	J	Numer	Meth	Eng,	2011

Collaborators:	MaThew	Barone	(Sandia),	Harbir	An(l	(GMU)
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1. Training:	Solve	ODE	for																							and	collect	simulaAon	data		
2. Machine	learning:	IdenAfy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

µ 2 Dtraining

Training simulations: state tensor

 9

dx
dt

= f(x; t,µ)ODE:

µ 2 Dquery \ Dtraining

D
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Training simulations: state tensor

 9

dx
dt

= f(x; t,µ)ODE:

µ 2 Dquery \ Dtraining

DX =
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1. Training:	Solve	ODE	for																							and	collect	simulaAon	data		
2. Machine	learning:	IdenAfy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

Tensor decomposition

�10

dx
dt

= f(x; t,µ)ODE:

Compute	dominant	leZ	singular	vectors	of	mode-1	unfolding

µ 2 Dtraining

µ 2 Dquery \ Dtraining

X(1) = = U ⌃ VTX =
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1. Training:	Solve	ODE	for																							and	collect	simulaAon	data		
2. Machine	learning:	IdenAfy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

Tensor decomposition

�10

dx
dt

= f(x; t,µ)ODE:

Compute	dominant	leZ	singular	vectors	of	mode-1	unfolding

columns	are	principal	components	of	the	spa(al	simula(on	data�

How	to	integrate	these	data	with	the	computa)onal	model?

µ 2 Dtraining

µ 2 Dquery \ Dtraining

X(1) = = U ⌃ VT�X =
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Previous state of the art: POD–Galerkin

1. Training:	Solve	ODE	for																							and	collect	simulaAon	data		
2. Machine	learning:	IdenAfy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

µ 2 Dtraining

µ 2 Dquery \ Dtraining

dx
dt

= f(x; t,µ)ODE:

1. Reduce	the	number	of	unknowns 2. Reduce	the	number	of	equaAons

D

DGalerkin	ODE:
d x̂
dt

= �T f(�x̂; t,µ)

d x̂
dt

) = 0

((�T (f(�x̂; t,µ)��x(t) ⇡ x̃(t) = � x̂(t)

 11
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Captive carry

 12

V1

‣ Unsteady	Navier–Stokes ‣ Re	=	6.3	x	106 ‣ M∞	=	0.6

Spa3al	discre3za3on	
‣ 2nd-order	finite	volume	
‣ DES	turbulence	model	
‣ 																	degrees	of	freedom1.2⇥ 106

Temporal	discre3za3on	
‣ 2nd-order	BDF	
‣ Verified	Ame	step		
‣ 																	Ame	instances

�t = 1.5⇥ 10�3

8.3⇥ 103
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High-fidelity model solution

�13

vor(city	field

pressure	field

Kevin	CarlbergNonlinear	model	reduc3on �13
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x(t) ⇡ � x̂(t)
�1
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Figure 10: Spectral content of the POD basis.

7.6. LSPG ROM performance

We now compare the accuracy and walltime performance of the LSPG ROM as the dimension of the
basis, time step, and time interval change. The most salient result from Figure 12 is that choosing an
intermediate time step leads to both better accuracy and faster simulation times. This shows that our
theoretical analysis of the error bound performed in Section 7.5.2 leads to an actual observed performance
improvement. For example, consider the p = 564 case over the time interval 0  t  2.5. In this case,
a time step of �t = 1.875 ⇥ 10�4 leads to a relative error of 0.0140 and a simulation time of 289 hours;
increasing this value to �t = 1.5 ⇥ 10�3 reduces the relative error to 9.46 ⇥ 10�4 and the simulation time
to 35.8 hours, which constitutes roughly an order of magnitude improvement in both quantities. Again, this
supports the theoretical results of Corollary 6.17 and highlights the critical importance of the time step for
LSPG reduced-order models.

In addition, Figure 12 shows that as the basis dimension increases, the optimal time step decreases; this
was anticipated from the spectral analysis performed in Section 7.5.1. In addition, adding POD basis vectors
does not improve accuracy for large time steps. We interpret this e↵ect as follows: for larger time steps,
the first few POD modes accurately capture ‘coarse’ phenomena on the scale of the time step. Therefore,
accuracy improvement is not achieved by adding modes that encode dynamics that evolve on a time scale
finer than the time step itself.

Further, Figure 12(g) highlights that as the basis dimension increases, the error generally decreases, which
is an artifact of the monotonic decrease in the FOM O�E residual achieved by the LSPG ROM (Remark
4.1). Finally, the figure shows that as the time interval grows, the optimal time step generally increases.

7.7. GNAT: ROM with complexity reduction

In this section, we perform a similar study, but equip the LSPG ROM with complexity reduction in order
to achieve computational savings. In particular, we employ the GNAT method [19, 20, 21], which solves
Eq. (4.1) with A = (P�r)

+ P , where �r is a basis for the residual and P consisting of selected rows of the
identity matrix.

The problem is identical to that described in Section 7.1 except that we take T = 5.5 time units and
employ a second-order space-accurate dissipation scheme wherein a linear variation of the solution is assumed
within each control volume.6 For this simulation, the full-order model consumes 5.0 hours on 48 cores across
six compute nodes.

To construct the trial basis � and basis for the residual �r for the GNAT models, we again employ POD.
In particular, we set � � (X , ⌫), where � is computed via Algorithm 1 with snapshots consisting of the

6This is done to ensure the sample mesh requires two layers of neighboring nodes for each sample node.

42
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‣ TruncaAon	preserves	coarse	spaAotemporal	soluAon	components

Principal components
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Galerkin performance

�15
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- Galerkin	projec(on	fails	regardless	of	basis	dimension
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Galerkin: time-continuous optimality
ODE Galerkin	ODE

d x̂
dt

= �T f(�x̂; t,µ)d x̂
dt

= �T f(�x̂; t,µ)
dx
dt

= f(x; t) f(�x̂; t)

�16
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Galerkin: time-continuous optimality
ODE Galerkin	ODE

d x̂
dt

= �T f(�x̂; t,µ)

+Galerkin	ODE	solu(on:	opAmal	in	the	minimum-residual	sense:

d x̂
dt

= �T f(�x̂; t,µ)��

- Galerkin	O∆E	solu(on:	not	generally	opAmal	in	any	sense

dx
dt

= f(x; t) f(�x̂; t)

O∆E Galerkin	O∆E

rn(x) := ↵0x��t�0f(x; t
n) +

kX

j=1

↵jx
n�j ��t

kX

j=1

�j f(x
n�j ; tn�j)

rn(xn) = 0, n = 1, ... ,Nn = 1, ... ,T �T rn(�x̂n) = 0, n = 1, ... ,Nn = 1, ... ,T

�16

r(v, x; t) := v � f(x; t)

�
d x̂
dt

(x, t) = argmin
v2range(�)

kr(v, x; t)k2
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Residual minimization and time discretization

ODE
residual	

minimiza(on

(me	
discre(za(on

dx
dt

= f(x; t)

Galerkin	ODE
�
d x̂
dt

(x, t) = argmin
v2range(�)

kr(v, x; t)k2

residual	
minimiza(on

LSPG	O∆E
�x̂n = argmin

v2range(�)
kArn(v)k2

n = 1, ... ,T

�x̂n = argmin
v2range(�)

kArn(v)k2

(me	
discre(za(on

O∆E
rn(xn) = 0
n = 1, ... ,T

Galerkin	O∆E
�T rn(�x̂n) = 0
n = 1, ... ,T

�17

Least-squares	Petrov–Galerkin	(LSPG)	projec)on	[C.,	Bou-Mosleh,	Farhat,	2011]
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LSPG performance
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+ LSPG	is	far	more	accurate	than	Galerkin
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Error bound

�19

+ LSPG	sequen(ally	minimizes	the	error	bound

Theorem:	error	bound	for	BDF	integrators	[C.,	Barone,	AnAl,	2017]

If	the	following	condiAons	hold:	
1.													is	Lipschitz	conAnuous	with	Lipschitz	constant	
2.								is	small	enough	such	that																																											,	then

f(·; t) 

0 < h := |↵0|� |�0|�t�t

kxn ��x̂nGk2 
1

h
krnG(�x̂nG)k2+

1

h

kX

`=1

|↵`|kxn�` ��x̂n�`
G k2

kxn ��x̂nLSPGk2 
1

h
min
v̂

krnLSPG(�v̂)k2+
1

h

kX

`=1

|↵`|kxn�` ��x̂n�`
LSPGk2

krnLSPG(�v̂)k2 = |↵0|k�(v̂ � x̂n�1
LSPG)� (x̄n ��x̂n�1

LSPG)�
�t�0

↵0
(f(�v̂; tn)� f(x̄n; tn))k2(xn ��x̂LSPG)| {z }

approx increment

(xn ��x̂LSPG)| {z }
increment

x(t) ⇡ �

Ensuring					captures	solu(on	increments	over								reduces	LSPG	error	bound�t�x(t) ⇡ �
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‣ Best	LSPG	accuracy:	intermediate								balances	these	two	effects

LSPG dependence on time step

�20

‣ Shrinking								has	two	compeAng	effects:		
+ (me-discre(za(on	error:	smaller	
- error	bound:	more	difficult	for					to	resolve	soluAon	increments

�t

�

�t
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‣ Best	LSPG	accuracy:	intermediate								balances	these	two	effects
‣ Higher-dimension				:	can	capture	soluAon	increments	over	smaller

LSPG dependence on time step

�20

� �t

‣ Shrinking								has	two	compeAng	effects:		
+ (me-discre(za(on	error:	smaller	
- error	bound:	more	difficult	for					to	resolve	soluAon	increments
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Limiting equivalence

�21

Theorem:	Equivalence	[C.,	Barone,	AnAl,	2017]
Galerkin	and	LSPG	projecAon	are	equivalent	in	the	limit																.�t ! 0
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Explains	poor	Galerkin	accuracy:	equivalent	to	LSPG	as �t ! 0
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Our research

Accurate,	low-cost,	structure-preserving,	

reliable,	cer)fied	nonlinear	model	reduc)on

‣ accuracy:	LSPG	projecAon	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	AnAl,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	CorAal,	Amsallem,	2013*]	

‣ low	cost:	reduce	temporal	complexity	
‣ [C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2019]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2017]	

‣ robustness:	projecAon	onto	nonlinear	manifolds	[Lee,	C.,	2018]	
‣ robustness:	h-adapAvity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	
‣ [Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2019;	Pagani,	Manzoni,	C.,	2019]

 22

Collaborators:	Julien	Cor(al	(Stanford),	Charbel	Farhat	(Stanford)

*	#2	most-cited	paper,	J	Comp	Phys,	2013



/38

Kevin	CarlbergNonlinear	model	reduc3on

Wall-time problem

�23
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‣ High-fidelity	simula(on:	1	hour,	48	cores
‣ Fastest	LSPG	simula(on:	1.3	hours,	48	cores

Why	does	this	occur?	

Can	we	fix	it?
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Cost reduction by gappy PCA [Everson and Sirovich, 1995]

rn( � v̂)k2

k2

minimize
v̂

k

rn( r
n
(

�24
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‣ Training:	collect	residual	tensor									while	solving	ODE	for	
‣ Machine	learning:	compute	residual	PCA						and	sampling	matrix
‣ Reduc3on:	compute	regression	approximaAon

Cost reduction by gappy PCA [Everson and Sirovich, 1995]

A rn( � v̂)k2

k2

minimize
v̂

k

Can	we	introduce	a	weigh(ng	matrix						to	make	this	less	expensive?A

� v̂)k2

rn ⇡ r̃n = �r(P�r)
+Prn

�r P
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‣ Training:	collect	residual	tensor									while	solving	ODE	for	
‣ Machine	learning:	compute	residual	PCA						and	sampling	matrix
‣ Reduc3on:	compute	regression	approximaAon

Cost reduction by gappy PCA [Everson and Sirovich, 1995]

A rn( � v̂)k2

k2

minimize
v̂

k

Can	we	introduce	a	weigh(ng	matrix						to	make	this	less	expensive?A

rn( � v̂)k2 + Only	a	few	
elements	of	d		
must	be	computed

rn

rn ⇡ r̃n = �r(P�r)
+Prn

�r P
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�24

Related:	
‣ collocaAon	[Ryckelynck,	2005;		
Legresley,	2006;	Astrid	et	al.,	2008]	

‣ empirical	interpolaAon	
[Barrault	et	al.,	2004;	Nguyen,	Peraire,	2008;	
Chaturantabut	and	Sorensen,	2010]	

‣ FE	subassembly		
‣ [An	et	al.,	2008;	Farhat	et	al.,	2014]
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Sample mesh [C., Farhat, Cortial, Amsallem, 2013]

vor(city	field pressure	field

LSPG	ROM	with	

32	min,	2	cores

+229x	savings	in	core–hours	
+<	1%	error	in	(me-averaged	drag

+HPC	on	a	laptop

sample	
mesh

minimize
v̂

k(P�r)
+Prn(�v̂)k2

A = (P�r)
+P

high-fidelity	
5	hours,	48	cores

�25
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Ahmed body [Ahmed, Ramm, Faitin, 1984]

 26

V1

‣ Unsteady	Navier–Stokes ‣ Re	=	4.3	x	106 ‣ M∞	=	0.175

Spa3al	discre3za3on	
‣ 2nd-order	finite	volume	
‣ DES	turbulence	model	
‣ 																	degrees	of	freedom

Temporal	discre3za3on	
‣ 2nd-order	BDF	
‣ Time	step		
‣ 																	Ame	instances

�t = 8⇥ 10�5s

1.7⇥ 107 1.3⇥ 103
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Ahmed body results [C., Farhat, Cortial, Amsallem, 2013]

 27

pressure		
field

+438x	savings	in	core–hours

+HPC	on	a	laptop
sample	
mesh

high-fidelity	model	
13	hours,	512	cores

LSPG	ROM	with A = (P�r)
+P

4	hours,	4	cores

+ Largest	nonlinear	dynamical	system	on	which	ROM	has	ever	had	success
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Our research

Accurate,	low-cost,	structure-preserving,	

reliable,	cer)fied	nonlinear	model	reduc)on

 28

‣ accuracy:	LSPG	projecAon	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	AnAl,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	CorAal,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
[C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2019]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2018]	

‣ robustness:	projecAon	onto	nonlinear	manifolds	[Lee,	C.,	2018]	
‣ robustness:	h-adapAvity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	
‣ [Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2019;	Pagani,	Manzoni,	C.,	2019]

Collaborator:	Youngsoo	Choi	(Sandia)



/38

Kevin	CarlbergNonlinear	model	reduc3on

Captive-carry results [C., Barone, Antil, 2017]

 29

vor(city	field pressure	field

GNAT	ROM	
32	min,	2	cores

+ 229X		computa(onal-cost	reduc(on

high-fidelity	
5	hours,	48	cores

How	can	we	significantly	reduce	the	temporal	dimensionality?

spa(al	dim:	179	
temporal	dim:	458

spa(al	dim:	1.2M	
temporal	dim:	3,700	

+ 6,500X	spa(al-dimension	reduc(on		
- 8X	temporal-dimension	reduc(on
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Reducing temporal complexity: 

�30

Larger	3me	steps	with	ROM	
[Krysl	et	al.,	2001;	Lucia	et	al.,	2004;	Taylor	et	al.,	2010;	C.	et	al.,	2017]	
‣ Developed	for	explicit	and	implicit	integrators	
- Limited	reducAon	of	Ame	dimension:	<10X	reducAons	typical

Space–3me	ROMs	
‣ Reduced	basis	[Urban,	Patera,	2012;	Yano,	2013;	Urban,	Patera,	2014;	Yano,	Patera,	Urban,	2014]	
‣ POD–Galerkin	[Volkwein,	Weiland,	2006;	Baumann,	Benner,	Heiland,	2016]	

‣ ODE-residual	minimizaAon	[ConstanAne,	Wang,	2012]	
+ ReducAon	of	Ame	dimension	
+ Linear	Ame-growth	of	error	boundsˆ	
- Requires	space–Ame	finite	element	discreAzaAonˆ	
- No	hyper-reducAon	
- Only	one	space–Ame	basis	vector	per	training	simulaAon

ˆ	Only	reduced-basis	methods
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Goals

�31

Preserve	aKrac3ve	proper3es	of	exis3ng	space–3me	ROMs	
+ Reduce	both	space	and	Ame	dimensions	
+ Slow	Ame-growth	of	error	bound

Space–)me	least-squares	Petrov–Galerkin	(ST-LSPG)	projec)on	[Choi	and	C.,	2019]

Overcome	shortcomings	of	exis3ng	space–3me	ROMs	
+ Applicability	to	general	nonlinear	dynamical	systems	
+ Hyper-reducAon	
+ Extract	mulAple	space–Ame	basis	vectors	from	each	training	simulaAon
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Spatial v. spatiotemporal trial 
⇥
x1 · · · xT

⇤
2 RN ⌦ RT

Spatial trial subspaceh
x̃1 · · · x̃T

i
= �

⇥
x̂1 · · · x̂T

⇤
2 S⌦ RT ✓ RN ⌦ RT

+ SpaAal	dimension	reduced	
- Temporal	dimension	large

Space–time trial subspace

+ SpaAal	dimension	reduced	
+ Temporal	dimension	reduced	
- AddiAonal	approximaAon

h
x̃1 · · · x̃T

i
=

nstX

i=1

⇡i x̂i (µ) 2 ST✓ RN ⌦ RT

Full-order-model trial subspace

�32
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Space–time LSPG projection

 33

minimize
v̂

k A rn( � v̂)

k2rn( r
n
(

LSPG
x̂n = argmin

v̂

���Arn(x0 +�v̂, x̃n�1, ... , x̃n�k ;µ)
���
2

2
, n = 1, ... ,Tx̂n = argmin

v̂

���Arn(x0 +�v̂, x̃n�1, ... , x̃n�k ;µ)
���
2

2
, n = 1, ... ,T

ST-LSPG

r̄(v̂;µ) :=

2

64
r1
�Pnst

i=1 ⇡i (t1)v̂i ,
Pnst

i=1 ⇡i (t0)v̂i ;µ
�

...
rT

�Pnst
i=1 ⇡i (tT )v̂i ,

Pnst
i=1 ⇡i (tT�1)v̂i , ... ,

Pnst
i=1 ⇡i (tT�k)v̂i ;µ

�

3

75

- prohibiAve	cost:	minimizing	residual	over	all	space	and	Ame

rn( rn(
· · ·

· · ·

. . .
...

...
...

k2

Ā r̄(v̂;µ)k2minimize
v̂

r̄(v̂;µ)k2

+ applicable	to	general	nonlinear	dynamical	systems
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ST-LSPG hyper-reduction

�34

r̃n

...

rn( rn(
· · ·

· · ·

. . .
...

...
...

k2

Ā r̄(v̂;µ)k2minimize
v̂

r̄(v̂;µ)k2

r̄ ⇡ r̃ = �̄r(P̄�̄r)
+P̄r̄

r̄(v̂;µ)k2

rn( rn(
k2

minimize
v̂

k
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ST-LSPG hyper-reduction

�34

rn( rn(
· · ·

· · ·

. . .
...

...
...

k2

Ā r̄(v̂;µ)k2minimize
v̂

r̄(v̂;µ)k2

r̄ ⇡ r̃ = �̄r(P̄�̄r)
+P̄r̄

r̄ ⇡ r̃ = �̄r(P̄�̄r)
+P̄r̄

...minimize| {z }
ĀA

r̄ ⇡ r̃ = �̄r(P̄�̄r)
+P̄r̄

...

r̄(v̂;µ)k2

rn( rn(
k2

minimize
v̂

k

+ Residual	computed	at	a	few	space–(me	degrees	of	freedom
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Sample mesh

�35

LSPG
t1 t2 t3 t4 t5 t6 t7 t8 t9 t10

‣ Residual	computed	at	a	few	spaAal	degrees	of	freedom,	all	Ame	instances

ST-LSPG

+ Residual	computed	at	a	few	space–Ame	degrees	of	freedom

t1 t5 t9

‣ 			:	Kronecker	product	of	space	sampling	and	Ame	samplingP̄

t1,	t5,	t9
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+ Stability	constant:	polynomial	growth	in	Ame	with	degree	3/2	
+ bounded	by	best	space–Ame	approximaAon	error

kxn ��x̂nST-LSPGk2 
p
T (1 + ⇤) min

w2ST
max

j2{1,...,T}
kxn �wnk2

| {z }
best space-time approximation error

Error bound

 36

LSPG

- Stability	constant:	exponenAal	Ame	growth	
- bounded	by	the	worst	(over	Ame)	best	residual

kxn ��x̂nLSPGk2 
�1(�2)n exp(�3tn)

�4 + �5�t
max

j2{1,...,n}
min
v̂
krjLSPG(�v̂)k2

| {z }
worst best time-local approximation residual

- Sequen(al	solves:	sequenAal	accumulaAon	of	Ame-local	errors

ST-LSPG

+ Single	solve:	no	sequenAal	error	accumulaAon

How	to	construct	space–)me	trial	basis																				from	snapshot	data?{fii}nst
i=1
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= ⌃ VTU⌅

columns	are	principal	components	of	the	temporal	simula(on	data⌅

X(2) =X =

⇡I(i ,j) = �i ⌦ ⇠j

+ extracts	mulAple	space–Ame	basis	vectors	from	each	training	simulaAon

1. Training:	Solve	ODE	for																										and	collect	simulaAon	data
2. Machine	learning:	Compute	truncated	high-order	SVD	(T-HOSVD)
3. Reduc(on:	Solve	space–Ame	LSPG	ROM	for µ œ Dquery \ Dtraining
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µ œ Dtraining
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‣ Experiments:	for	fixed	error,	ST-LSPG	almost	100X	faster	than	LSPG
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Our research

Accurate,	low-cost,	structure-preserving,	

reliable,	cer)fied	nonlinear	model	reduc)on

‣ accuracy:	LSPG	projecAon	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	AnAl,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	CorAal,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
‣ [C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2019]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015*;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2018]	

‣ robustness:	projecAon	onto	nonlinear	manifolds	[Lee,	C.,	2018]	
‣ robustness:	h-adapAvity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	
‣ [Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2019;	Pagani,	Manzoni,	C.,	2019]
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Collaborators:	Youngsoo	Choi	(Sandia),	Syuzanna	Sargsyan	(UW)	

*	Featured	ArAcle,	SIAM	J	Sci	Comp,	2015
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⌦j

�j
ODE:

dx
dt

= f(x; t)

‣ average	value	of	conserved	variable	i	over	control	volume	j

‣ flux	and	source	of	conserved	variable	i	within	control	volume	j

fI(i ,j)(x, t) = � 1

|⌦j |

Z

�j

gi (x;~x , t)| {z }
flux

·nj(~x) d~s(~x) +
1

|⌦j |

Z

⌦j

si (x;~x , t)| {z }
source

d~x

xI(i ,j)(t) =
1

|⌦j |

Z

⌦j

ui (~x , t) d~x

‣ conserva3on	viola3on	of	variable	i	in	control	volume	j	over	Ame	step	n

O∆E: rn(xn) = 0, n = 1, ... ,N

rnI(i ,j) = xI(i ,j)(t
n+1)� xI(i ,j)(t

n) +

Z tn+1

tn
fI(i ,j)(x, t)dt

‣ rate	of	conserva3on	viola3on	of	variable	i	in	control	volume	j

rI(i ,j) =
dxI(i ,j)
dt

(t)� fI(i ,j)(x, t)

Conserva)on	is	the	intrinsic	structure	enforced	by	finite-volume	methods
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Galerkin and LSPG violate conservation
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Galerkin LSPG

‣ Minimize	sum	of	squared	
conserva3on-viola3on	rates

‣ Minimize	sum	of	squared	
conserva3on	viola3ons	over	
3me	step	n

�x̂n = argmin
v2range(�)

krn(v)k2
<latexit sha1_base64="yybtAhA4PPV5j0+OX+8QcErXkqE="></latexit><latexit sha1_base64="yybtAhA4PPV5j0+OX+8QcErXkqE="></latexit><latexit sha1_base64="yybtAhA4PPV5j0+OX+8QcErXkqE="></latexit><latexit sha1_base64="yybtAhA4PPV5j0+OX+8QcErXkqE="></latexit>

�
d x̂
dt

(�x̂, t) = argmin
v2range(�)

kr(v,�x̂, t)k2
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- Neither	ensures	conserva(on!

Conserva)ve	model	reduc)on	for	finite-volume	models	[C.,	Choi,	Sargsyan,	2018]

‣ Goal:	devise	projecAons	that	enforce	conservaAon	over	subdomains
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ODE: C̄
dx
dt

= C̄f(x, t)
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‣ performs	summaAon	over	control	volumes	within	subdomain	j

288 K. Carlberg et al. / Journal of Computational Physics 371 (2018) 280–314

Fig. 1. Examples of decomposed meshes M̄ for a vertex-centered finite-volume model. Solid lines denote the primal mesh, and dashed lines the control-
volume interfaces ! j defining the dual mesh, and colors denote separate subdomains "̄i . (For interpretation of the colors in the figure(s), the reader is 
referred to the web version of this article.)

3.4. Lack of conservation

Remarks 4 and 5 demonstrated that Galerkin and LSPG ROMs minimize the violation of conservation in the case of 
finite-volume models in particular senses; Galerkin performs this minimization at the time-continuous level, while LSPG 
does so at the time-discrete level. While this is an attractive property, it does not guarantee that the model is conservative 
in any sense: because the minimum value of the objective functions in Eqs. (3.4) and (3.7) may be non-zero, conservation 
is generally violated by each of these approaches. We interpret this as violating the structure intrinsic to finite-volume 
models. This provides the motivation for this work: we aim to develop reduced-order models that ensure the resulting 
model is conservative globally and—more generally—over subdomains.

4. Proposed method

This section describes the proposed method, which equips the optimization problems characterizing the online ROM so-
lution with equality constraints that explicitly enforce conservation over subdomains. The approach requires no modification 
to the offline stage except when hyper-reduction is applied to the nonlinear terms appearing in the constraints. Section 4.1
introduces the concept of conservation over subdomains, Section 4.2 introduces conservative Galerkin projection, Section 4.3
describes conservative LSPG projection, Section 4.4 described approaches for handling infeasibility, and Section 4.5 describes 
hyper-reduction techniques applicable to objective function and constraint, and Section 4.6 describes snapshot-based (of-
fline) training procedures that may be used for generating the reduced-basis matrices required by the method.

4.1. Domain decomposition

To begin, we decompose the mesh M into subdomains, each of which comprises the union of control volumes. That 
is, we define a decomposed mesh M̄ of N"̄(≤ N") subdomains "̄i = ∪ j∈K⊆N(N")" j , i ∈ N(N"̄) with M̄ := {"̄i}N"̄

i=1. We 
note that the subdomains need not be non-overlapping, closed, or connected. Denoting the boundary of the ith subdomain 
by !̄i := ∂"̄i , we have !̄i = {x⃗ | ⃗x ∈ e, ∀e ∈ Ēi, i ∈ N(|Ēi |)} ⊆ ∪N"

j=1! j , i ∈ N(N"̄) with Ēi ⊆ E representing the set of faces 

belonging to the ith subdomain. We denote the full set of faces within the decomposed mesh by Ē := ∪N"̄
i=1Ēi ⊆ E . Fig. 1

depicts several decompositions that satisfy the above conditions. We emphasize that the subdomains can overlap, their 
union need not correspond to the global domain, and the global domain can be considered by employing M̄ = M̄global, 
which is characterized by N"̄ = 1 subdomain that corresponds to the global domain, i.e., "̄1 = " and !̄1 = !, as depicted 
in Fig. 1c.

Enforcing conservation (2.1) on each subdomain in the decomposed mesh yields

d
dt

∫

"̄ j

ui(x⃗, t;µ)dx⃗ +
∫

!̄ j

g i(x⃗, t;µ) · n̄ j(x⃗)ds⃗(x⃗) =
∫

"̄ j

si(x⃗, t;µ)dx⃗, i ∈ N(nu), j ∈ N(N"̄), (4.1)

where n̄ j : ! j → Rd denotes the unit normal to subdomain "̄ j . We propose applying a finite-volume discretization to 
Eq. (4.1) that operates on the decomposed mesh M̄. That is, we introduce a ‘decomposed’ state vector x̄ : RN × [0, T ] ×
D → RN̄ with N̄ = N"̄nu and elements

x̄Ī(i, j)(x, t;µ) = 1

|"̄ j|

∫

"̄ j

ui(x⃗, t;µ)dx⃗, i ∈ N(nu), j ∈ N(N"̄), (4.2)

where Ī : N(nu) × N(N"̄) → N(N̄) denotes a mapping from conservation-law index and subdomain index to decomposed 
degree of freedom. The decomposed state vector can be computed from the state vector x as

⌦̄1
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⌦̄2
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�̄3
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�̄2
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c̄Ī(i ,j),I(`,k) = |⌦k |/|⌦̄j |�i`I (⌦k ✓ ⌦̄j)
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‣ average	value	of	conserved	variable	i	over	subdomain	j

‣ flux	and	source	of	conserved	variable	i	within	subdomain	j

‣ rate	of	conserva3on	viola3on	of	conserved	variable	i	in	subdomain	j

[C̄r]Ī(i ,j) = d [C̄x(t)]Ī(i ,j)/dt � [C̄f(x, t)]Ī(i ,j)
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[C̄f(x, t)]Ī(i ,j) = � 1

|⌦̄j |

Z

�̄j

gi (x;~x , t)| {z }
flux

·n̄j(~x) d~s(~x) +
1

|⌦̄j |

Z

⌦̄j

si (x;~x , t)| {z }
source

d~x
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[C̄x(t)]Ī(i ,j)(x, t;µ) =
1

|⌦̄j |

Z

⌦̄j

ui (~x , t;µ) d~x
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O∆E: C̄rn(xn) = 0, n = 1, ... ,T
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‣ conserva3on	viola3on	of	conserved	variable	i	in	subdomain	j	over	Ame	step	n

[C̄rn]Ī(i ,j) = [C̄x(tn+1)]Ī(i ,j) � [C̄x(tn)]Ī(i ,j) +
Z tn+1

tn
[C̄f(x, t)]Ī(i ,j)dt
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Conservative Galerkin Conservative LSPG
minimize

v̂2Rp
krn(�v̂)k2

subject to C̄rn(�v̂) = 0
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minimize
v̂2Rp

kr(�v̂,�x̂, t)k2

subject to C̄r(�v̂,�x̂, t) = 0
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‣ Minimize	sum	of	squared	
conserva3on-viola3on	rates	
subject	to	zero	conservaAon-
violaAon	rates	over	subdomains

‣ Minimize	sum	of	squared		
conserva3on	viola3ons	over	
3me	step	n		
subject	to	zero	conservaAon	
violaAons	over	Ame	step	n	
over	subdomains

+ Conserva(on	enforced	over	prescribed	subdomains

Conservative model reduction for finite-volume models

K. Carlberg1, Y. Choi2, and S. Sargsyan3

1
Sandia National Laboratories

⇤

2
Lawrence Livermore National Laboratory

3
HERE Technologies

We present a method for model reduction of finite-volume models that guarantees the resulting

reduced-order model is conservative, thereby preserving the structure intrinsic to finite-volume

discretizations [1]. The proposed reduced-order models associate with optimization problems
characterized by (1) a minimum-residual objective function and (2) nonlinear equality constraints

that explicitly enforce conservation over subdomains. Conservative Galerkin projection arises

from formulating this optimization problem at the time-continuous level, while conservative least-
squares Petrov–Galerkin (LSPG) projection associates with a time-discrete formulation. Figure

1 depicts possible decomposed meshes over which conservation can be enforced for a vertex-

centered finite-volume model. We note that other recent works have also considered ROMs that

associate with constrained optimization problems [3, 2], although none are conservative.

We equip these approaches with hyper-reduction techniques in the case of nonlinear flux and

source terms, and also provide approaches for handling infeasibility. In addition, we perform

analyses that include deriving conditions under which conservative Galerkin and conservative

LSPG are equivalent, as well as deriving a posteriori error bounds.

On a parameterized quasi-1D Euler equation problem, the proposed method not only conserves

mass, momentum, and energy globally, but also has significantly lower state-space errors than

nonconservative reduced-order models such as standard Galerkin and LSPG projection.

(a) 3 subdomains (b) 2 subdomains (c) 1 (global) subdomain

Figure 1: Examples of decomposed meshes. The propose method enforces conservation over each
subdomain (denoted by colors). Note that 1 global subdomain enforces global conservation.
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Conservative Galerkin Conservative LSPG
minimize

v̂2Rp
krn(�v̂)k2

subject to C̄rn(�v̂) = 0
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minimize
v̂2Rp

kr(�v̂,�x̂, t)k2

subject to C̄r(�v̂,�x̂, t) = 0
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‣ Minimize	sum	of	squared	
conserva3on-viola3on	rates	
subject	to	zero	conservaAon-
violaAon	rates	over	subdomains

‣ Minimize	sum	of	squared		
conserva3on	viola3ons	over	
3me	step	n		
subject	to	zero	conservaAon	
violaAons	over	Ame	step	n	
over	subdomains

+ Conserva(on	enforced	over	prescribed	subdomains

‣ Experiments:	enforcing	global	conservaAon	can	reduce	error	by	10X
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We present a method for model reduction of finite-volume models that guarantees the resulting

reduced-order model is conservative, thereby preserving the structure intrinsic to finite-volume

discretizations [1]. The proposed reduced-order models associate with optimization problems
characterized by (1) a minimum-residual objective function and (2) nonlinear equality constraints

that explicitly enforce conservation over subdomains. Conservative Galerkin projection arises

from formulating this optimization problem at the time-continuous level, while conservative least-
squares Petrov–Galerkin (LSPG) projection associates with a time-discrete formulation. Figure

1 depicts possible decomposed meshes over which conservation can be enforced for a vertex-

centered finite-volume model. We note that other recent works have also considered ROMs that

associate with constrained optimization problems [3, 2], although none are conservative.

We equip these approaches with hyper-reduction techniques in the case of nonlinear flux and

source terms, and also provide approaches for handling infeasibility. In addition, we perform

analyses that include deriving conditions under which conservative Galerkin and conservative

LSPG are equivalent, as well as deriving a posteriori error bounds.

On a parameterized quasi-1D Euler equation problem, the proposed method not only conserves

mass, momentum, and energy globally, but also has significantly lower state-space errors than

nonconservative reduced-order models such as standard Galerkin and LSPG projection.

(a) 3 subdomains (b) 2 subdomains (c) 1 (global) subdomain

Figure 1: Examples of decomposed meshes. The propose method enforces conservation over each
subdomain (denoted by colors). Note that 1 global subdomain enforces global conservation.
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Our research

Accurate,	low-cost,	structure-preserving,	

reliable,	cer)fied	nonlinear	model	reduc)on

‣ accuracy:	LSPG	projecAon	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	AnAl,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	CorAal,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
‣ [C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2019]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2018]	

‣ robustness:	projecAon	onto	nonlinear	manifolds	[Lee,	C.,	2018]	
‣ robustness:	h-adapAvity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	
‣ [Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2019;	Pagani,	Manzoni,	C.,	2019]
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Model reduction can work well…

�44

vor(city	field pressure	field

LSPG	ROM	with	

32	min,	2	cores

+229x	savings	in	core–hours	
+<	1%	error	in	(me-averaged	drag

A = (P�r)
+P

high-fidelity	
5	hours,	48	cores

…	however,	this	is	not	guaranteed

x(t) ⇡ x̃(t) = �x̂(t)x(t) ⇡ x̃(t) = �

1) Linear-subspace	assump)on	is	strong

2) Accuracy	limited	by	content	ofx(t) ⇡ x̃(t) = �
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Kolmogorov-width limitation of linear subspaces

�45

:	soluAon	manifold	M := {x(t,µ) | t œ [0,Tfinal], µ œ D}
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‣ 				

dp(M) := inf
Sp

PŒ(M,Sp)
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PŒ(M,Sp) := sup
xœM

inf
yœSp

Îx ≠ yÎ
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‣ 				Sp
<latexit sha1_base64="XTCjcbaQp8CZvUiuP8fWrWLwKZA="></latexit><latexit sha1_base64="XTCjcbaQp8CZvUiuP8fWrWLwKZA="></latexit><latexit sha1_base64="XTCjcbaQp8CZvUiuP8fWrWLwKZA="></latexit><latexit sha1_base64="XTCjcbaQp8CZvUiuP8fWrWLwKZA="></latexit>

:	set	of	all	p-dimensional	linear	subspaces
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Kolmogorov-width limitation of linear subspaces

�45

dimension	n	

P2(M, range(�))
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reduced	dimension	p	

Example

:	soluAon	manifold	M := {x(t,µ) | t œ [0,Tfinal], µ œ D}
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‣ 				
‣ 				Sp
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:	set	of	all	p-dimensional	linear	subspaces

P2(M,Sp) :=
Û ÿ

xœM
inf
yœSp

Îx ≠ yÎ2/

Û ÿ

xœM
ÎxÎ2
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d̃p(M) := inf
Sp

P2(M,Sp)
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d̃p(M)
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basis	deficiency	
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Kolmogorov-width limitation of linear subspaces

�45

dimension	n	

P2(M, range(�))
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reduced	dimension	p	

Example

:	soluAon	manifold	M := {x(t,µ) | t œ [0,Tfinal], µ œ D}
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‣ 				
‣ 				Sp
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:	set	of	all	p-dimensional	linear	subspaces

P2(M,Sp) :=
Û ÿ

xœM
inf
yœSp

Îx ≠ yÎ2/

Û ÿ

xœM
ÎxÎ2
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d̃p(M) := inf
Sp

P2(M,Sp)
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q
xœM Îx ≠ x̃LSPGÎ2
q

xœM ÎxÎ2
<latexit sha1_base64="57PSrAw5tSLQbc4IPz78UJbIBVQ="></latexit><latexit sha1_base64="57PSrAw5tSLQbc4IPz78UJbIBVQ="></latexit><latexit sha1_base64="57PSrAw5tSLQbc4IPz78UJbIBVQ="></latexit><latexit sha1_base64="57PSrAw5tSLQbc4IPz78UJbIBVQ="></latexit>

closure	error
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Kolmogorov-width limitation of linear subspaces

�45

- Kolmogorov-width	limitaAon:	significant	error	for

dimension	n	

P2(M, range(�))
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reduced	dimension	p	

Example

dim(M)
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:	soluAon	manifold	M := {x(t,µ) | t œ [0,Tfinal], µ œ D}
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‣ 				
‣ 				Sp
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:	set	of	all	p-dimensional	linear	subspaces

P2(M,Sp) :=
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Îx ≠ yÎ2/

Û ÿ

xœM
ÎxÎ2
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d̃p(M) := inf
Sp

P2(M,Sp)
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d̃p(M)
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q
xœM Îx ≠ x̃LSPGÎ2
q

xœM ÎxÎ2
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p = dim(M)
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Kolmogorov-width	
limita(on
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A
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‣ Goal:	overcome	limitaAon	via	projecAon	onto	a	nonlinear	manifold
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Nonlinear trial manifold
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Linear trial subspace

x1
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example 
N=3 
p=2

state x̂(t)x(t) ¥ x̃(t) = �
<latexit sha1_base64="n1nx8UBigTRYloruWS3wvejDia4="></latexit><latexit sha1_base64="n1nx8UBigTRYloruWS3wvejDia4="></latexit><latexit sha1_base64="n1nx8UBigTRYloruWS3wvejDia4="></latexit><latexit sha1_base64="n1nx8UBigTRYloruWS3wvejDia4="></latexit>

œ range(�)
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velocity
dx
dt

¥ d x̃
dt

= �
d x̂
dt

<latexit sha1_base64="FDvm1u0VPbaWs6IvJjfTIb/cZ/4="></latexit><latexit sha1_base64="FDvm1u0VPbaWs6IvJjfTIb/cZ/4="></latexit><latexit sha1_base64="FDvm1u0VPbaWs6IvJjfTIb/cZ/4="></latexit><latexit sha1_base64="FDvm1u0VPbaWs6IvJjfTIb/cZ/4="></latexit>

œ range(�)
<latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit><latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit><latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit><latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit>

dx
dt

¥ d x̃
dt

= Òg(x̂)d x̂
dt

œ Tx̂S
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range(�) := {�x̂ | x̂ œ Rp}
<latexit sha1_base64="IpUtPofFU+mJxe6IDQ/H/VmD+nw="></latexit><latexit sha1_base64="IpUtPofFU+mJxe6IDQ/H/VmD+nw="></latexit><latexit sha1_base64="IpUtPofFU+mJxe6IDQ/H/VmD+nw="></latexit><latexit sha1_base64="IpUtPofFU+mJxe6IDQ/H/VmD+nw="></latexit>

Nonlinear trial manifold
S := {g(x̂) | x̂ œ Rp}

<latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit>

(
<latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit><latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit><latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit>

(
<latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit> <latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit> <latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit>

x(t) ¥ x̃(t) = g(x̂(t)) œ S
<latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit>

+ manifold	has	general	structure
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Manifold Galerkin and LSPG projection

�47

Linear-subspace ROM

Galerkin

LSPG x̂n = argmin
v̂œRp

ÎArn(�v̂)Î2
<latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit><latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit><latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit><latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit>

x̂n = argmin
v̂œRp

ÎArn(�v̂)Î2
<latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit><latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit><latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit><latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit>

+ Sa(sfy	residual-minimiza(on	proper(es

Ì
<latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit>

�
d x̂
dt

= argmin
v̂œrange(�)

Îv̂ ≠ f(�x̂; t)Î2
<latexit sha1_base64="Sih8Hm3Q/DTNC7kZjYi/NhPIrBo="></latexit><latexit sha1_base64="Sih8Hm3Q/DTNC7kZjYi/NhPIrBo="></latexit><latexit sha1_base64="Sih8Hm3Q/DTNC7kZjYi/NhPIrBo="></latexit><latexit sha1_base64="Sih8Hm3Q/DTNC7kZjYi/NhPIrBo="></latexit>

Ì
<latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit>

Òg(x̂)d x̂
dt

= argmin
v̂œTx̂S

Îv̂ ≠ f(g(x̂); t)Î2
<latexit sha1_base64="o1u6cZsVogzrb7zTcYkPsgkKuf8="></latexit><latexit sha1_base64="o1u6cZsVogzrb7zTcYkPsgkKuf8="></latexit><latexit sha1_base64="o1u6cZsVogzrb7zTcYkPsgkKuf8="></latexit><latexit sha1_base64="o1u6cZsVogzrb7zTcYkPsgkKuf8="></latexit>

Ì
<latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit>

d x̂
dt

= �T f(�x̂; t)
<latexit sha1_base64="4+LybUjyKJDg/PElVln013lxGyc="></latexit><latexit sha1_base64="4+LybUjyKJDg/PElVln013lxGyc="></latexit><latexit sha1_base64="4+LybUjyKJDg/PElVln013lxGyc="></latexit><latexit sha1_base64="4+LybUjyKJDg/PElVln013lxGyc="></latexit>

Ì
<latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit>

d x̂
dt

= Òg(x̂)+f(g(x̂); t)
<latexit sha1_base64="lFW6KPZyv9qQjngGWtjXXKzEjn0="></latexit><latexit sha1_base64="lFW6KPZyv9qQjngGWtjXXKzEjn0="></latexit><latexit sha1_base64="lFW6KPZyv9qQjngGWtjXXKzEjn0="></latexit><latexit sha1_base64="lFW6KPZyv9qQjngGWtjXXKzEjn0="></latexit>

Nonlinear-manifold ROM

d x̂
dt

= argmin
v̂œRn

Îr(Òg(x̂)v̂, g(x̂); t)Î2
<latexit sha1_base64="3SyEFPQooVdew7Ae1OwDddyqGWo="></latexit><latexit sha1_base64="3SyEFPQooVdew7Ae1OwDddyqGWo="></latexit><latexit sha1_base64="3SyEFPQooVdew7Ae1OwDddyqGWo="></latexit><latexit sha1_base64="3SyEFPQooVdew7Ae1OwDddyqGWo="></latexit>

d x̂
dt

= argmin
v̂œRn

Îr(�v̂,�x̂; t)Î2
<latexit sha1_base64="kl0nU62nKm8FvKPFmSNfvl0Ej8A="></latexit><latexit sha1_base64="kl0nU62nKm8FvKPFmSNfvl0Ej8A="></latexit><latexit sha1_base64="kl0nU62nKm8FvKPFmSNfvl0Ej8A="></latexit><latexit sha1_base64="kl0nU62nKm8FvKPFmSNfvl0Ej8A="></latexit>

How	to	construct	manifold																																										from	snapshot	data?S := {g(x̂) | x̂ œ Rp}
<latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit>

x̂n = argmin
v̂œRp

ÎArn(g(v̂))Î2
<latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit>

x̂n = argmin
v̂œRp

ÎArn(g(v̂))Î2
<latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit>
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Deep autoencoders

�48

Input layer Code Output layer

x̂1<latexit sha1_base64="fAOktgRp8Ii36YxW2YEpjnkotQk="></latexit><latexit sha1_base64="fAOktgRp8Ii36YxW2YEpjnkotQk="></latexit><latexit sha1_base64="fAOktgRp8Ii36YxW2YEpjnkotQk="></latexit><latexit sha1_base64="fAOktgRp8Ii36YxW2YEpjnkotQk="></latexit>

x̂2<latexit sha1_base64="wWiHcHRw4noBmVDf6stOmGVvH5U="></latexit><latexit sha1_base64="wWiHcHRw4noBmVDf6stOmGVvH5U="></latexit><latexit sha1_base64="wWiHcHRw4noBmVDf6stOmGVvH5U="></latexit><latexit sha1_base64="wWiHcHRw4noBmVDf6stOmGVvH5U="></latexit>

x1
<latexit sha1_base64="Xa4Bk1CqAT7kthQTXYfqGQpcgz8="></latexit><latexit sha1_base64="Xa4Bk1CqAT7kthQTXYfqGQpcgz8="></latexit><latexit sha1_base64="Xa4Bk1CqAT7kthQTXYfqGQpcgz8="></latexit><latexit sha1_base64="Xa4Bk1CqAT7kthQTXYfqGQpcgz8="></latexit>

x2
<latexit sha1_base64="k/HDIa52RCrX9KPGESQCbsto0Qc="></latexit><latexit sha1_base64="k/HDIa52RCrX9KPGESQCbsto0Qc="></latexit><latexit sha1_base64="k/HDIa52RCrX9KPGESQCbsto0Qc="></latexit><latexit sha1_base64="k/HDIa52RCrX9KPGESQCbsto0Qc="></latexit>

x3
<latexit sha1_base64="OZDj2qyY2LEmiez9ldOibUl0vQ0="></latexit><latexit sha1_base64="OZDj2qyY2LEmiez9ldOibUl0vQ0="></latexit><latexit sha1_base64="OZDj2qyY2LEmiez9ldOibUl0vQ0="></latexit><latexit sha1_base64="OZDj2qyY2LEmiez9ldOibUl0vQ0="></latexit>

x4
<latexit sha1_base64="3S3qaeqQ9zR8my6JpZDvFlAzTxU="></latexit><latexit sha1_base64="3S3qaeqQ9zR8my6JpZDvFlAzTxU="></latexit><latexit sha1_base64="3S3qaeqQ9zR8my6JpZDvFlAzTxU="></latexit><latexit sha1_base64="3S3qaeqQ9zR8my6JpZDvFlAzTxU="></latexit>

x5
<latexit sha1_base64="5171ZJXcRk4UkbAeuUEmwOUijbc="></latexit><latexit sha1_base64="5171ZJXcRk4UkbAeuUEmwOUijbc="></latexit><latexit sha1_base64="5171ZJXcRk4UkbAeuUEmwOUijbc="></latexit><latexit sha1_base64="5171ZJXcRk4UkbAeuUEmwOUijbc="></latexit>

x6
<latexit sha1_base64="ITsVNVtzZO5L1tD3e1e2ZCrtVfc="></latexit><latexit sha1_base64="ITsVNVtzZO5L1tD3e1e2ZCrtVfc="></latexit><latexit sha1_base64="ITsVNVtzZO5L1tD3e1e2ZCrtVfc="></latexit><latexit sha1_base64="ITsVNVtzZO5L1tD3e1e2ZCrtVfc="></latexit>

x7
<latexit sha1_base64="gcMyGelkbfiFJqjyu3ayTmz2YEY="></latexit><latexit sha1_base64="gcMyGelkbfiFJqjyu3ayTmz2YEY="></latexit><latexit sha1_base64="gcMyGelkbfiFJqjyu3ayTmz2YEY="></latexit><latexit sha1_base64="gcMyGelkbfiFJqjyu3ayTmz2YEY="></latexit>

x8
<latexit sha1_base64="20CBTWX71Tp11rfm7whiLI5Wsv4="></latexit><latexit sha1_base64="20CBTWX71Tp11rfm7whiLI5Wsv4="></latexit><latexit sha1_base64="20CBTWX71Tp11rfm7whiLI5Wsv4="></latexit><latexit sha1_base64="20CBTWX71Tp11rfm7whiLI5Wsv4="></latexit>

x̃8
<latexit sha1_base64="NYFPVRrSBZ0OgHibE6yEUih0ZQQ="></latexit><latexit sha1_base64="NYFPVRrSBZ0OgHibE6yEUih0ZQQ="></latexit><latexit sha1_base64="NYFPVRrSBZ0OgHibE6yEUih0ZQQ="></latexit><latexit sha1_base64="NYFPVRrSBZ0OgHibE6yEUih0ZQQ="></latexit>

x̃7
<latexit sha1_base64="HbIDylPO/3dkegIUsmMXLduLNoY="></latexit><latexit sha1_base64="HbIDylPO/3dkegIUsmMXLduLNoY="></latexit><latexit sha1_base64="HbIDylPO/3dkegIUsmMXLduLNoY="></latexit><latexit sha1_base64="HbIDylPO/3dkegIUsmMXLduLNoY="></latexit>

x̃6
<latexit sha1_base64="N5yEwZkiT28Q/w1Y0+WmNTZ9S0o="></latexit><latexit sha1_base64="N5yEwZkiT28Q/w1Y0+WmNTZ9S0o="></latexit><latexit sha1_base64="N5yEwZkiT28Q/w1Y0+WmNTZ9S0o="></latexit><latexit sha1_base64="N5yEwZkiT28Q/w1Y0+WmNTZ9S0o="></latexit>

x̃5
<latexit sha1_base64="1mGF0VNKZJlG1EP9UlSZzw12v+k="></latexit><latexit sha1_base64="1mGF0VNKZJlG1EP9UlSZzw12v+k="></latexit><latexit sha1_base64="1mGF0VNKZJlG1EP9UlSZzw12v+k="></latexit><latexit sha1_base64="1mGF0VNKZJlG1EP9UlSZzw12v+k="></latexit>

x̃4<latexit sha1_base64="YNew4Luk9zk5UWNkuym4Xq1lB+o="></latexit><latexit sha1_base64="YNew4Luk9zk5UWNkuym4Xq1lB+o="></latexit><latexit sha1_base64="YNew4Luk9zk5UWNkuym4Xq1lB+o="></latexit><latexit sha1_base64="YNew4Luk9zk5UWNkuym4Xq1lB+o="></latexit>

x̃3
<latexit sha1_base64="Ekx1cfjdO8IwEm79Df+uiCzuwis="></latexit><latexit sha1_base64="Ekx1cfjdO8IwEm79Df+uiCzuwis="></latexit><latexit sha1_base64="Ekx1cfjdO8IwEm79Df+uiCzuwis="></latexit><latexit sha1_base64="Ekx1cfjdO8IwEm79Df+uiCzuwis="></latexit>

x̃2<latexit sha1_base64="xva0GTehG+WghgWzLIEK2F1nh3g="></latexit><latexit sha1_base64="xva0GTehG+WghgWzLIEK2F1nh3g="></latexit><latexit sha1_base64="xva0GTehG+WghgWzLIEK2F1nh3g="></latexit><latexit sha1_base64="xva0GTehG+WghgWzLIEK2F1nh3g="></latexit>

x̃1<latexit sha1_base64="vAyTfm15ycDV9z7/L6LY0EiwNHY="></latexit><latexit sha1_base64="vAyTfm15ycDV9z7/L6LY0EiwNHY="></latexit><latexit sha1_base64="vAyTfm15ycDV9z7/L6LY0EiwNHY="></latexit><latexit sha1_base64="vAyTfm15ycDV9z7/L6LY0EiwNHY="></latexit>

minimize| {z }
A

minimize| {z }
A

+ If													for	parameters									,																																	produces	an	accurate	manifoldx̃ ¥ x
<latexit sha1_base64="jabDSs01/PGWMX7NlkpbJxyPkcE="></latexit><latexit sha1_base64="jabDSs01/PGWMX7NlkpbJxyPkcE="></latexit><latexit sha1_base64="jabDSs01/PGWMX7NlkpbJxyPkcE="></latexit><latexit sha1_base64="jabDSs01/PGWMX7NlkpbJxyPkcE="></latexit>

Encoder henc(·; ◊enc)
<latexit sha1_base64="CjTLPn3YXEpJm1dR47uGY0Me0Fg="></latexit><latexit sha1_base64="CjTLPn3YXEpJm1dR47uGY0Me0Fg="></latexit><latexit sha1_base64="CjTLPn3YXEpJm1dR47uGY0Me0Fg="></latexit><latexit sha1_base64="CjTLPn3YXEpJm1dR47uGY0Me0Fg="></latexit>

Decoder hdec(·; ◊dec)
<latexit sha1_base64="76KsB5bMpaTJD3XhowdusbDRKj4="></latexit><latexit sha1_base64="76KsB5bMpaTJD3XhowdusbDRKj4="></latexit><latexit sha1_base64="76KsB5bMpaTJD3XhowdusbDRKj4="></latexit><latexit sha1_base64="76KsB5bMpaTJD3XhowdusbDRKj4="></latexit>

x̃ = hdec(·; ◊dec) ¶ henc(x; ◊enc)
<latexit sha1_base64="h2Es0XrFpGsBNIauEs7oqiZ//TA="></latexit><latexit sha1_base64="h2Es0XrFpGsBNIauEs7oqiZ//TA="></latexit><latexit sha1_base64="h2Es0XrFpGsBNIauEs7oqiZ//TA="></latexit><latexit sha1_base64="h2Es0XrFpGsBNIauEs7oqiZ//TA="></latexit>

g = hdec(·; ◊ı
dec)

<latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit><latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit><latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit>

◊ı
dec

<latexit sha1_base64="hiRT5PZs9x/zq0GUYy3MJAm8U2k="></latexit><latexit sha1_base64="hiRT5PZs9x/zq0GUYy3MJAm8U2k="></latexit><latexit sha1_base64="hiRT5PZs9x/zq0GUYy3MJAm8U2k="></latexit><latexit sha1_base64="hiRT5PZs9x/zq0GUYy3MJAm8U2k="></latexit>
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‣ 	Compute							by	approximately	solving

‣ 	Define	nonlinear	trial	manifold	by	se{ng	

+ 	Same	snapshot	data

Algorithm

�49

X(1) =X = = X̃(1)(◊)
<latexit sha1_base64="+gFvLcjhyd6wK8V+7pBV9vDwQiY="></latexit><latexit sha1_base64="+gFvLcjhyd6wK8V+7pBV9vDwQiY="></latexit><latexit sha1_base64="+gFvLcjhyd6wK8V+7pBV9vDwQiY="></latexit><latexit sha1_base64="+gFvLcjhyd6wK8V+7pBV9vDwQiY="></latexit>

minimize
◊

ÎX(1) ≠ X̃(1)(◊)ÎF
<latexit sha1_base64="+893vpJ7bOObKcSwkOk7YkxUTiM="></latexit><latexit sha1_base64="+893vpJ7bOObKcSwkOk7YkxUTiM="></latexit><latexit sha1_base64="+893vpJ7bOObKcSwkOk7YkxUTiM="></latexit><latexit sha1_base64="+893vpJ7bOObKcSwkOk7YkxUTiM="></latexit>

◊ı
<latexit sha1_base64="LTFYG4lMmH0iDL81BAEtn3hQkWg="></latexit><latexit sha1_base64="LTFYG4lMmH0iDL81BAEtn3hQkWg="></latexit><latexit sha1_base64="LTFYG4lMmH0iDL81BAEtn3hQkWg="></latexit><latexit sha1_base64="LTFYG4lMmH0iDL81BAEtn3hQkWg="></latexit>

g = hdec(·; ◊ı
dec)

<latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit><latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit><latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit>

◊enc
<latexit sha1_base64="pp6NVu+q8OQsmCW4DHZxCBIUFFM="></latexit><latexit sha1_base64="pp6NVu+q8OQsmCW4DHZxCBIUFFM="></latexit><latexit sha1_base64="pp6NVu+q8OQsmCW4DHZxCBIUFFM="></latexit><latexit sha1_base64="pp6NVu+q8OQsmCW4DHZxCBIUFFM="></latexit>

◊dec
<latexit sha1_base64="qHaY3jbnxFPKFKMCY1BPa3RbUXg="></latexit><latexit sha1_base64="qHaY3jbnxFPKFKMCY1BPa3RbUXg="></latexit><latexit sha1_base64="qHaY3jbnxFPKFKMCY1BPa3RbUXg="></latexit><latexit sha1_base64="qHaY3jbnxFPKFKMCY1BPa3RbUXg="></latexit>

1. Training:	Solve	ODE	for																										and	collect	simulaAon	data
2. Machine	learning:	Train	deep	convoluAonal	autoencoder
3. Reduc(on:	Solve	manifold	Galerkin	or	LSPG	for µ œ Dquery \ Dtraining

<latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="tRkVu21bdM4dDDYrs0VFg6nQOr0="></latexit><latexit sha1_base64="8dW8o2zOtY4MFtUp5Yw+WIlsS7k="></latexit><latexit sha1_base64="8dW8o2zOtY4MFtUp5Yw+WIlsS7k="></latexit><latexit sha1_base64="yap9hZdV1fbhz8J/tgRlp+WeW1c="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit>

µ œ Dtraining
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‣ 					:				,	inlet	boundary	condiAon	

‣ Spa(al	discre(za(on:	finite	volume	

‣ Time	integrator:	backward	Euler	

Numerical results

�50

1D Burgers’ equation 2D reacting flow

@w(x , t;µ)

@t
+

@f (w(x , t;µ))

@x
= 0.02e↵x

<latexit sha1_base64="yPqF+nOTzpztmDd+o0k7ZsK1tg0=">AAA64nicvVtbbxy3FZbTW6zenPalQF/YCGqlRkq0coCmDhzEsRzHiSKpkiwb1UoLzixnl9HszHiGK608mT9Q9KXoa/9Y/0Z/Qc/hZS7k7E0FugjiXfL7Dm+Hh+ccUl4S8kzs7Pz73js/+OGPfvyTd++v/vRnP//FLx+896uzLB6nPnvpx2GcvvZoxkIesZeCi5C9TlJGR17IXnlXT7H+1TVLMx5Hp+I2YRcjOoh4wH0qoKj34O </latexit><latexit sha1_base64="yPqF+nOTzpztmDd+o0k7ZsK1tg0=">AAA64nicvVtbbxy3FZbTW6zenPalQF/YCGqlRkq0coCmDhzEsRzHiSKpkiwb1UoLzixnl9HszHiGK608mT9Q9KXoa/9Y/0Z/Qc/hZS7k7E0FugjiXfL7Dm+Hh+ccUl4S8kzs7Pz73js/+OGPfvyTd++v/vRnP//FLx+896uzLB6nPnvpx2GcvvZoxkIesZeCi5C9TlJGR17IXnlXT7H+1TVLMx5Hp+I2YRcjOoh4wH0qoKj34O </latexit><latexit sha1_base64="yPqF+nOTzpztmDd+o0k7ZsK1tg0=">AAA64nicvVtbbxy3FZbTW6zenPalQF/YCGqlRkq0coCmDhzEsRzHiSKpkiwb1UoLzixnl9HszHiGK608mT9Q9KXoa/9Y/0Z/Qc/hZS7k7E0FugjiXfL7Dm+Hh+ccUl4S8kzs7Pz73js/+OGPfvyTd++v/vRnP//FLx+896uzLB6nPnvpx2GcvvZoxkIesZeCi5C9TlJGR17IXnlXT7H+1TVLMx5Hp+I2YRcjOoh4wH0qoKj34O </latexit><latexit sha1_base64="yPqF+nOTzpztmDd+o0k7ZsK1tg0=">AAA64nicvVtbbxy3FZbTW6zenPalQF/YCGqlRkq0coCmDhzEsRzHiSKpkiwb1UoLzixnl9HszHiGK608mT9Q9KXoa/9Y/0Z/Qc/hZS7k7E0FugjiXfL7Dm+Hh+ccUl4S8kzs7Pz73js/+OGPfvyTd++v/vRnP//FLx+896uzLB6nPnvpx2GcvvZoxkIesZeCi5C9TlJGR17IXnlXT7H+1TVLMx5Hp+I2YRcjOoh4wH0qoKj34O </latexit>

@w(~x , t;µ)

@t
= r · (rw(~x , t;µ))

� v ·rw(~x , t;µ) + q(w(~x , t;µ);µ)
<latexit sha1_base64="tI729Uhdxtseh/EZ7Vqh5Xp1jNg="></latexit><latexit sha1_base64="tI729Uhdxtseh/EZ7Vqh5Xp1jNg="></latexit><latexit sha1_base64="tI729Uhdxtseh/EZ7Vqh5Xp1jNg="></latexit><latexit sha1_base64="tI729Uhdxtseh/EZ7Vqh5Xp1jNg="></latexit>

µ
<latexit sha1_base64="k2v5IaqJyiLmBJU0kDhzl4RDjOo="></latexit><latexit sha1_base64="k2v5IaqJyiLmBJU0kDhzl4RDjOo="></latexit><latexit sha1_base64="k2v5IaqJyiLmBJU0kDhzl4RDjOo="></latexit><latexit sha1_base64="k2v5IaqJyiLmBJU0kDhzl4RDjOo="></latexit>

‣ 					:	two	terms	in	reacAon	
‣ Spa(al	discre(za(on:	finite	difference	

‣ Time	integrator:	BDF2

µ
<latexit sha1_base64="k2v5IaqJyiLmBJU0kDhzl4RDjOo="></latexit><latexit sha1_base64="k2v5IaqJyiLmBJU0kDhzl4RDjOo="></latexit><latexit sha1_base64="k2v5IaqJyiLmBJU0kDhzl4RDjOo="></latexit><latexit sha1_base64="k2v5IaqJyiLmBJU0kDhzl4RDjOo="></latexit>

↵
<latexit sha1_base64="TxSgDrX5kNizzu0li0WPhmR4seg="></latexit><latexit sha1_base64="TxSgDrX5kNizzu0li0WPhmR4seg="></latexit><latexit sha1_base64="TxSgDrX5kNizzu0li0WPhmR4seg="></latexit><latexit sha1_base64="TxSgDrX5kNizzu0li0WPhmR4seg="></latexit>

Autoencoder architecture
Input

x

Restrict

+ Scale
Reshape +

Transform

Layer 1

Layer nconv

Layer nconv + 1

Layer nconv + nfull

Encoder henc(x;✓enc)

Convolution layers Fully-connected layers

Code x̂

Layer 1

Layer nfull

Transform

+ Reshape

Transposed convolution layers

Layer nfull + 1

Layer nfull + nconv

Fully-connected layers

Decoder hdec(x̂;✓dec)

Inverse scale

+Prolongate

Output

x̃ = hdec(·;✓dec) � henc(x;✓enc)

minimize| {z }
A

minimize| {z }
A

minimize| {z }
A

minimize| {z }
A4	convoluAonal	

layers
2	fully-connected	

layers
4	convoluAonal	

layers
2	fully-connected	

layers
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Manifold LSPG outperforms optimal linear subspace

�51

1D Burgers’ equation
conserved	variable	

high-fidelity 
model

POD-LSPG 
p=5

Manifold LSPG 
p=5

	x	

2D reacting flow
temperature H2 fraction
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q
xœM Îx ≠ x̃LSPGÎ2
q

xœM ÎxÎ2
<latexit sha1_base64="57PSrAw5tSLQbc4IPz78UJbIBVQ="></latexit><latexit sha1_base64="57PSrAw5tSLQbc4IPz78UJbIBVQ="></latexit><latexit sha1_base64="57PSrAw5tSLQbc4IPz78UJbIBVQ="></latexit><latexit sha1_base64="57PSrAw5tSLQbc4IPz78UJbIBVQ="></latexit>

P2(M, range(�))
<latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit><latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit><latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit><latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit>

Method overcomes Kolmogorov-width limitation

�52

+ Manifold	LSPG	orders-of-magnitude	more	accurate	than	subspace	LSPG
+ Method	overcomes	Kolmogorov-width	limitaAon

dimension	n	

q
xœM Îx ≠ x̃mLSPGÎ2
q

xœM ÎxÎ2
<latexit sha1_base64="ychhSfufJpaB6tBhHt0TxyVN6ts="></latexit><latexit sha1_base64="ychhSfufJpaB6tBhHt0TxyVN6ts="></latexit><latexit sha1_base64="ychhSfufJpaB6tBhHt0TxyVN6ts="></latexit><latexit sha1_base64="ychhSfufJpaB6tBhHt0TxyVN6ts="></latexit>

re
la
A
ve
	e
rr
or
	

reduced	dimension	p	 reduced	dimension	p	

+ Autoencoder	manifold	significantly	be9er	than	opAmal	linear	subspace

dim(M)
<latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit><latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit><latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit><latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit>

d̃p(M)
<latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit>

P2(M,S)
<latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="tRkVu21bdM4dDDYrs0VFg6nQOr0="></latexit><latexit sha1_base64="P9jdkjJy7eUykjehjN/Do0HQHDU="></latexit><latexit sha1_base64="P9jdkjJy7eUykjehjN/Do0HQHDU="></latexit><latexit sha1_base64="aKDcKsZ93WOfMp8mDbg+0ViN5lY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit><latexit sha1_base64="t9fy/ROG3LwVdN6yqHcO/O3CNVY="></latexit>

1D Burgers’ equation 2D reacting flow
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Our research

Accurate,	low-cost,	structure-preserving,	

reliable,	cer)fied	nonlinear	model	reduc)on

‣ accuracy:	LSPG	projecAon	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	AnAl,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	CorAal,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
‣ [C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2019]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2017]	

‣ robustness:	projecAon	onto	nonlinear	manifolds	[Lee,	C.,	2018]	
‣ robustness:	h-adapAvity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	
‣ [Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2019;	Pagani,	Manzoni,	C.,	2019]

 53
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Model reduction can work well…

�54

vor(city	field pressure	field

LSPG	ROM	with	

32	min,	2	cores

+229x	savings	in	core–hours	
+<	1%	error	in	(me-averaged	drag

A = (P�r)
+P

high-fidelity	
5	hours,	48	cores

…	however,	this	is	not	guaranteed

x(t) ⇡ x̃(t) = �x̂(t)x(t) ⇡ x̃(t) = �

1) Linear-subspace	assump)on	is	strong

2) Accuracy	limited	by	content	ofx(t) ⇡ x̃(t) = �
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Illustration: inviscid 1D Burgers’ equation
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Illustration: inviscid 1D Burgers’ equation
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Main idea [C., 2015]

�57

Model-reduc)on	analogue	to	mesh-adap)ve	h-refinement

Ingredient 3: Error indicators

1 Adaptive algorithm

2 Refinement

finite element h-refinement ROM h-refinement

3 Error indicators: a) dual solve (coarse), b) prolongation (fine)

dual solve prolongation dual solve prolongation

finite element h-refinement ROM h-refinement

Nonlinear model reduction Kevin Carlberg 54

finite-element	
h-refinement

reduced-order-model	
h-refinement

‣ ‘Split’	basis	vectors

Ingredient 3: Error indicators

1 Adaptive algorithm

2 Refinement

finite element h-refinement ROM h-refinement

3 Error indicators: a) dual solve (coarse), b) prolongation (fine)

dual solve prolongation dual solve prolongation

finite element h-refinement ROM h-refinement

Nonlinear model reduction Kevin Carlberg 54

‣ Generate	hierarchical	subspaces

Ingredient 3: Error indicators

1 Adaptive algorithm

2 Refinement

finite element h-refinement ROM h-refinement

3 Error indicators: a) dual solve (coarse), b) prolongation (fine)

dual solve prolongation dual solve prolongation

finite element h-refinement ROM h-refinement

Nonlinear model reduction Kevin Carlberg 54

Ingredient 3: Error indicators

1 Adaptive algorithm

2 Refinement

finite element h-refinement ROM h-refinement

3 Error indicators: a) dual solve (coarse), b) prolongation (fine)

dual solve prolongation dual solve prolongation

finite element h-refinement ROM h-refinement

Nonlinear model reduction Kevin Carlberg 54

range range (( ( (✓

‣ Converges	to	the	high-fidelity	model

Main idea
ROM analog to mesh-adaptive h-refinement

‘Split’ basis vectors

finite element h-refinement ROM h-refinement
Generate hierarchical subspaces

ROM converges to the FOM

Nonlinear model reduction Kevin Carlberg 44
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Refinement tree encodes splitting

�58

{2}

/38

Kevin	CarlbergBreaking	computa5onal	barriers

Tree encodes splitting

{1, ... , 6}
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Tree encodes splitting
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48

{1, ... , 6}

{1, 3, 4} {2, 5, 6}

{5, 6}

{5} {6}

{4}{3}{1}
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Refinement tree requirements

�59

Tree-construc3on	algorithm	
‣ IdenAfies	hierarchy	of	correlated	states	via	k-means	clustering	
+ Ensures	theorem	condiAons	are	saAsfied

Theorem	[C.,	2015]

h-adapAvity	generates	a	hierarchy	of	subspaces	if:	
1.	children	have	disjoint	support,	and	
2.	the	union	of	the	children	elements	is	equal	to	
	the	parent	elements

/38

Kevin	CarlbergBreaking	computa5onal	barriers

Tree requirements

Main idea
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Main idea
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Generate hierarchical subspaces

ROM converges to the FOM

Nonlinear model reduction Kevin Carlberg 44

Theorem	[Carlberg,	2015]

h-adapDvity	converges	to	the	high-fidelity	model	if	
1. every	element	has	a	nonzero	entry	in	>1	basis	vector,	
2. the	root	node	includes	all	elements,	and	
3. each	element	has	a	leaf	node.

Theorem	[Carlberg,	2015]
h-adapDvity	generates	a	hierarchy	of	subspaces	if	
1. children	have	disjoint	support,	and																		
2. the	union	of	children	elements	is	equal	to														
the	parent	elements

Ingredient 3: Error indicators

1 Adaptive algorithm

2 Refinement

finite element h-refinement ROM h-refinement

3 Error indicators: a) dual solve (coarse), b) prolongation (fine)

dual solve prolongation dual solve prolongation

finite element h-refinement ROM h-refinement

Nonlinear model reduction Kevin Carlberg 54

49

	Tree-construc5on	algorithm	
‣ IdenDfies	hierarchy	of	correlated	states	via	recursive	k-means	clustering	
+Ensures	theorem	condiDons	are	saDsfied

Theorem	[C.,	2015]

h-adapAvity	converges	to	the	high-fidelity	model	if:	
1.	every	element	has	a	nonzero	entry	in	>1	basis	vector,	
2.	the	root	node	includes	all	elements,	and	
3.	each	element	has	a	leaf	node.
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while
1.	Solve:	dual	solve	with	coarse	basis

Which vectors to split?

�60
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Kevin	CarlbergBreaking	computa5onal	barriers

1.	Solve:	dual	solve	with	coarse	basis
|�̂n| > ✏

Which vectors to split?

yn
H
= argmin
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while
1.	Solve:	dual	solve	with	coarse	basis

2. 	Es3mate:	prolongate	and	compute	fine	error	indicators

Which vectors to split?

�60
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while
1.	Solve:	dual	solve	with	coarse	basis

2. 	Es3mate:	prolongate	and	compute	fine	error	indicators

3. 	Mark:	idenAfy	basis	vectors	to	refine

Which vectors to split?

�60
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Illustration: inviscid 1D Burgers’ equation

�61

high-fidelity	model

h-adap)ve	ROM	(mean	dim	48.5)reduced-order	model	(dim	50)

+ no	longer	limited	
by	training	data



/38

Kevin	CarlbergNonlinear	model	reduc3on

101 102

subspace dimension

10-4

10-3

10-2

10-1

100

re
la
ti
ve

 e
rr

or

Reduced-order	models	
-minimum	error	7.5%	
- cannot	overcome	insufficient	training	data

subspace	dimension

re
la
A
ve
	e
rr
or

reduced-order	models	
h-adapAve	ROMs

h-adaptivity provides an accurate, low-dim subspace

�62



/38

Kevin	CarlbergNonlinear	model	reduc3on

101 102

subspace dimension

10-4

10-3

10-2

10-1

100

re
la
ti
ve

 e
rr

or

Reduced-order	models	
-minimum	error	7.5%	
- cannot	overcome	insufficient	training	data

h-adap3ve	ROMs	
+minimum	error	<0.01%	with	lower	subspace	dimension	
+ can	overcome	insufficient	training	data	without	collecAng	more	data	
+ can	saAsfy	any	prescribed	error	tolerance

subspace	dimension

re
la
A
ve
	e
rr
or

reduced-order	models	
h-adapAve	ROMs

h-adaptivity provides an accurate, low-dim subspace

�62



/38

Kevin	CarlbergNonlinear	model	reduc3on

Our research

Accurate,	low-cost,	structure-preserving,	

reliable,	cer)fied	nonlinear	model	reduc)on

‣ accuracy:	LSPG	projecAon	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	AnAl,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	CorAal,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
‣ [C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2019]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2017]	

‣ robustness:	projecAon	onto	nonlinear	manifolds	[Lee,	C.,	2018]	
‣ robustness:	h-adapAvity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	

[Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2019;	Pagani,	Manzoni,	C.,	2019]
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Fig. 1. Examples of decomposed meshes M̄ for a vertex-centered finite-volume model. Solid lines denote the primal mesh, and dashed lines the control-
volume interfaces ! j defining the dual mesh, and colors denote separate subdomains "̄i . (For interpretation of the colors in the figure(s), the reader is 
referred to the web version of this article.)

3.4. Lack of conservation

Remarks 4 and 5 demonstrated that Galerkin and LSPG ROMs minimize the violation of conservation in the case of 
finite-volume models in particular senses; Galerkin performs this minimization at the time-continuous level, while LSPG 
does so at the time-discrete level. While this is an attractive property, it does not guarantee that the model is conservative 
in any sense: because the minimum value of the objective functions in Eqs. (3.4) and (3.7) may be non-zero, conservation 
is generally violated by each of these approaches. We interpret this as violating the structure intrinsic to finite-volume 
models. This provides the motivation for this work: we aim to develop reduced-order models that ensure the resulting 
model is conservative globally and—more generally—over subdomains.

4. Proposed method

This section describes the proposed method, which equips the optimization problems characterizing the online ROM so-
lution with equality constraints that explicitly enforce conservation over subdomains. The approach requires no modification 
to the offline stage except when hyper-reduction is applied to the nonlinear terms appearing in the constraints. Section 4.1
introduces the concept of conservation over subdomains, Section 4.2 introduces conservative Galerkin projection, Section 4.3
describes conservative LSPG projection, Section 4.4 described approaches for handling infeasibility, and Section 4.5 describes 
hyper-reduction techniques applicable to objective function and constraint, and Section 4.6 describes snapshot-based (of-
fline) training procedures that may be used for generating the reduced-basis matrices required by the method.

4.1. Domain decomposition

To begin, we decompose the mesh M into subdomains, each of which comprises the union of control volumes. That 
is, we define a decomposed mesh M̄ of N"̄(≤ N") subdomains "̄i = ∪ j∈K⊆N(N")" j , i ∈ N(N"̄) with M̄ := {"̄i}N"̄

i=1. We 
note that the subdomains need not be non-overlapping, closed, or connected. Denoting the boundary of the ith subdomain 
by !̄i := ∂"̄i , we have !̄i = {x⃗ | ⃗x ∈ e, ∀e ∈ Ēi, i ∈ N(|Ēi |)} ⊆ ∪N"

j=1! j , i ∈ N(N"̄) with Ēi ⊆ E representing the set of faces 

belonging to the ith subdomain. We denote the full set of faces within the decomposed mesh by Ē := ∪N"̄
i=1Ēi ⊆ E . Fig. 1

depicts several decompositions that satisfy the above conditions. We emphasize that the subdomains can overlap, their 
union need not correspond to the global domain, and the global domain can be considered by employing M̄ = M̄global, 
which is characterized by N"̄ = 1 subdomain that corresponds to the global domain, i.e., "̄1 = " and !̄1 = !, as depicted 
in Fig. 1c.

Enforcing conservation (2.1) on each subdomain in the decomposed mesh yields

d
dt

∫

"̄ j

ui(x⃗, t;µ)dx⃗ +
∫

!̄ j

g i(x⃗, t;µ) · n̄ j(x⃗)ds⃗(x⃗) =
∫

"̄ j

si(x⃗, t;µ)dx⃗, i ∈ N(nu), j ∈ N(N"̄), (4.1)

where n̄ j : ! j → Rd denotes the unit normal to subdomain "̄ j . We propose applying a finite-volume discretization to 
Eq. (4.1) that operates on the decomposed mesh M̄. That is, we introduce a ‘decomposed’ state vector x̄ : RN × [0, T ] ×
D → RN̄ with N̄ = N"̄nu and elements

x̄Ī(i, j)(x, t;µ) = 1

|"̄ j|

∫

"̄ j

ui(x⃗, t;µ)dx⃗, i ∈ N(nu), j ∈ N(N"̄), (4.2)

where Ī : N(nu) × N(N"̄) → N(N̄) denotes a mapping from conservation-law index and subdomain index to decomposed 
degree of freedom. The decomposed state vector can be computed from the state vector x as
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