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High-fidelity simulation
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computa6onal	barrier

+ Indispensable	across	science	and	engineering	
- High	fidelity:	extreme-scale	nonlinear	dynamical	system	models

/38

Kevin	CarlbergBreaking	computa5onal	barriers
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๏ uncertainty	propagaDon ๏mulD-objecDve	opDmizaDon
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- High	fidelity:	extreme-scale	nonlinear	dynamical	system	models

Many-query problems

๏ Bayesian	inference ๏ stochasDc	opDmizaDon

Magnetohydrodynamics	
courtesy	J.	Shadid,	Sandia

Turbulent	reac5ng	flows		
courtesy	J.	Chen,	Sandia

Antarc5c	ice	sheet	modeling		
courtesy	R.	Tuminaro,	Sandia
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๏ Bayesian	inference ๏ stochas3c	op3miza3on

Many-query problems



/38

Kevin	CarlbergNonlinear	reduced-order	modeling
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High-fidelity simulation: captive carry

๏ explore	flight	
envelope

๏ quan3fy	effects	of	
uncertain3es	on	store	load

๏ robust	design	of	
store	and	cavity

computa6onal	barrier

Many-query problems

+Validated	and	predic(ve:	matches	wind-tunnel	experiments	to	within	5%	
- Extreme-scale:	100	million	cells,	200,000	3me	steps	
- High	simula(on	costs:	6	weeks,	5000	cores

 3
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Computational barrier at NASA

“Despite	tremendous	progress	made	in	the	past	few	decades,	
CFD	tools	are	too	slow	for	simula=on	of	complex	geometry	flows…	
[taking]	from	thousands	to	millions	of	computa=onal	core-hours.”

“To	enable	high-fidelity	CFD	for	mul=-disciplinary	analysis	and	design,	the	
speed	of	computa=on	must	be	increased	by	orders	of	magnitude.”

“The	desired	outcome	is	any	approach	that	can		
accelerate	calcula5ons	by	a	factor	of	10x	to	1000x.”
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“Despite	tremendous	progress	made	in	the	past	few	decades,		

CFD	tools	are	too	slow	for	simula(on	of	complex	geometry	flows…	

[taking]	from	thousands	to	millions	of	computa(onal	core-hours.”

“To	enable	high-fidelity	CFD	for	mul(-disciplinary	analysis	and	design,	

the	speed	of	computa(on	must	be	increased	by	orders	of	magnitude.”

“The	desired	outcome	is	any	approach	that	can	

accelerate	calcula)ons	by	a	factor	of	10x	to	1000x.”
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Approach: exploit simulation data

�5

Idea:	exploit	simula(on	data	collected	at	a	few	points

D

1. Training:	Solve	ODE	for																							and	collect	simula3on	data	
2. Machine	learning:	Iden3fy	structure	in	data
3. Reduc(on:	Reduce	cost	of	ODE	solve	for

Many-query	problem:	solve	ODE	for	µ 2 Dquery

µ 2 Dtraining

µ 2 Dquery \ Dtraining

ODE:
dx
dt

= f(x; t,µ), x(0,µ) = x0(µ), t 2 [0,Tfinal], µ 2 D
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Model reduction criteria

1. Accuracy:	achieves	less	than	1%	error

2. Low	cost:	achieves	at	least	100x	computa3onal	savings

3. Structure	preserva)on:	preserves	important	physical	proper3es

4. Robustness:	guaranteed	sa3sfac3on	of	any	error	tolerance

5. Cer)fica)on:	accurately	quan3fy	the	ROM	error

�6
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Model reduction: existing approaches
Linear	6me-invariant	systems:	mature	[Antoulas,	2005]	
‣ Balanced	trunca3on	[Moore,	1981;	Willcox	and	Peraire,	2002;	Rowley,	2005]	
‣ Transfer-func3on	interpola3on	[Bai,	2002;	Freund,	2003;	Gallivan	et	al,	2004;	Baur	et	al.,	2001]	
+ Accurate,	reliable,	cer(fied:	sharp	a	priori	error	bounds	
+ Inexpensive:	pre-assemble	operators	
+ Structure	preserva(on:	guaranteed	stability

Ellip6c/parabolic	PDEs:	mature	[Prud’Homme	et	al.,	2001;	Barrault	et	al.,	2004;	Rozza	et	al.,	2008]	

‣ Reduced-basis	method	
+ Accurate,	reliable,	cer(fied:	sharp	a	priori	error	bounds,	convergence	
+ Inexpensive:	pre-assemble	operators	
+ Structure	preserva(on:	preserve	operator	proper3es

Nonlinear	dynamical	systems:	ineffec3ve	
‣ Proper	orthogonal	decomposi3on	(POD)–Galerkin	[Sirovich,	1987]	
- Inaccurate,	unreliable:	ojen	unstable	
- Not	cer(fied:	error	bounds	grow	exponen3ally	in	3me		
- Expensive:	projec3on	insufficient	for	speedup	
- Structure	not	preserved:	dynamical-system	proper3es	ignored

�7
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Our research

Accurate,	low-cost,	structure-preserving,	
reliable,	cer)fied	nonlinear	model	reduc)on

‣ accuracy:	LSPG	projec3on	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	An3l,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	Cor3al,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
[C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2019]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2018]	

‣ robustness:	projec3on	onto	nonlinear	manifolds	[Lee,	C.,	2018]	
‣ robustness:	h-adap3vity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	

[Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2019;	Pagani,	Manzoni,	C.,	2019]

 8
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1. Training:	Solve	ODE	for																							and	collect	simula3on	data		
2. Machine	learning:	Iden3fy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

µ 2 Dtraining

Training simulations: state tensor

 10

dx
dt

= f(x; t,µ)ODE:

µ 2 Dquery \ Dtraining

D

number	of	
3me	steps	T

nu
m
be

r	
of
	

st
at
e	
va
ri
ab
le
s	
N



/38

Kevin	CarlbergNonlinear	reduced-order	modeling

1. Training:	Solve	ODE	for																							and	collect	simula3on	data		
2. Machine	learning:	Iden3fy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

µ 2 Dtraining

Training simulations: state tensor

 10

dx
dt

= f(x; t,µ)ODE:

µ 2 Dquery \ Dtraining

DX =



/38

Kevin	CarlbergNonlinear	reduced-order	modeling

1. Training:	Solve	ODE	for																							and	collect	simula3on	data		
2. Machine	learning:	Iden3fy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

Tensor decomposition

�11

dx
dt

= f(x; t,µ)ODE:

Compute	dominant	leZ	singular	vectors	of	mode-1	unfolding

µ 2 Dtraining

µ 2 Dquery \ Dtraining

X(1) = = U ⌃ VTX =
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1. Training:	Solve	ODE	for																							and	collect	simula3on	data		
2. Machine	learning:	Iden3fy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

Tensor decomposition

�11

dx
dt

= f(x; t,µ)ODE:

Compute	dominant	leZ	singular	vectors	of	mode-1	unfolding

columns	are	principal	components	of	the	spa(al	simula(on	data�

How	to	integrate	these	data	with	the	computa)onal	model?

µ 2 Dtraining

µ 2 Dquery \ Dtraining

X(1) = = U ⌃ VT�X =
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Previous state of the art: POD–Galerkin

1. Training:	Solve	ODE	for																							and	collect	simula3on	data		
2. Machine	learning:	Iden3fy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

µ 2 Dtraining

µ 2 Dquery \ Dtraining

dx
dt

= f(x; t,µ)ODE:

1. Reduce	the	number	of	unknowns 2. Reduce	the	number	of	equa3ons

D

DGalerkin	ODE:
d x̂
dt

= �T f(�x̂; t,µ)

d x̂
dt

) = 0

((�T (f(�x̂; t,µ)��x(t) ⇡ x̃(t) = � x̂(t)

 12
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Captive carry

 13

V1

‣ Unsteady	Navier–Stokes ‣ Re	=	6.3	x	106 ‣ M∞	=	0.6

Spa6al	discre6za6on	
‣ 2nd-order	finite	volume	
‣ DES	turbulence	model	
‣ 																	degrees	of	freedom1.2⇥ 106

Temporal	discre6za6on	
‣ 2nd-order	BDF	
‣ Verified	3me	step		
‣ 																	3me	instances

�t = 1.5⇥ 10�3

8.3⇥ 103
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High-fidelity model solution

�14

vor(city	field

pressure	field

Kevin	CarlbergNonlinear	reduced-order	modeling
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Galerkin performance

�15

probe

Can	we	construct	a	beIer	projec)on?
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- Galerkin	projec(on	fails	regardless	of	basis	dimension
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Galerkin: time-continuous optimality
ODE Galerkin	ODE

d x̂
dt

= �T f(�x̂; t,µ)

+ Time-con(nuous	Galerkin	solu(on:	op3mal	in	the	minimum-residual	sense:

d x̂
dt

= �T f(�x̂; t,µ)��

- Time-discrete	Galerkin	solu(on:	not	generally	op3mal	in	any	sense

dx
dt

= f(x; t) f(�x̂; t)

O∆E Galerkin	O∆E

rn(x) := ↵0x��t�0f(x; t
n) +

kX

j=1

↵jx
n�j ��t

kX

j=1

�j f(x
n�j ; tn�j)

rn(xn) = 0, n = 1, ... ,Nn = 1, ... ,T �T rn(�x̂n) = 0, n = 1, ... ,Nn = 1, ... ,T

�16

r(v, x; t) := v � f(x; t)

�
d x̂
dt

(x, t) = argmin
v2range(�)

kr(v, x; t)k2
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Residual minimization and time discretization

ODE
residual	

minimiza(on

(me	
discre(za(on

dx
dt

= f(x; t)

Galerkin	ODE
�
d x̂
dt

(x, t) = argmin
v2range(�)

kr(v, x; t)k2

,  n(x̂n)T rn(�x̂n) = 0�x̂n = argmin
v2range(�)

kArn(v)k2

 n(x̂n) := ATA(↵0I��t�0
@f
@x

(�x̂n; t))�

Least-squares	Petrov–Galerkin	(LSPG)	projec(on

residual	
minimiza(on

LSPG	O∆E
�x̂n = argmin

v2range(�)
kArn(v)k2

[C.,	Bou-Mosleh,	Farhat,	2011]

n = 1, ... ,T

(me	
discre(za(on

O∆E
rn(xn) = 0
n = 1, ... ,T

Galerkin	O∆E
�T rn(�x̂n) = 0
n = 1, ... ,T

�17
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Discrete-time error bound 

�18

Theorem	[C.,	Barone,	An3l,	2017]

If	the	following	condi3ons	hold:	
1.													is	Lipschitz	con3nuous	with	Lipschitz	constant	
2.	The	3me	step								is	small	enough	such	that																																											,	
3.	A	backward	differen3a3on	formula	(BDF)	3me	integrator	is	used,	
4.	LSPG	employs												,	then	

f(·; t) 

0 < h := |↵0|� |�0|�t�t

+ LSPG	sequen(ally	minimizes	the	error	bound

A = I

kxn ��x̂nGk2 
1

h
krnG(�x̂nG)k2+

1

h

kX

`=1

|↵`|kxn�` ��x̂n�`
G k2

kxn ��x̂nLSPGk2 
1

h
min
v̂

krnLSPG(�v̂)k2+
1

h

kX

`=1

|↵`|kxn�` ��x̂n�`
LSPGk2
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LSPG performance

�19
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+ LSPG	is	far	more	accurate	than	Galerkin
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Our research

Accurate,	low-cost,	structure-preserving,	
reliable,	cer)fied	nonlinear	model	reduc)on

‣ accuracy:	LSPG	projec3on	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	An3l,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	Cor3al,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
‣ [C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2019]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2017]	

‣ robustness:	projec3on	onto	nonlinear	manifolds	[Lee,	C.,	2018]	
‣ robustness:	h-adap3vity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	
‣ [Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2019;	Pagani,	Manzoni,	C.,	2019]

 20

Charbel	Farhat	(Stanford) Julien	Cor(al	(Stanford)
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Wall-time problem

�21
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‣ High-fidelity	simula(on:	1	hour,	48	cores
‣ Fastest	LSPG	simula(on:	1.3	hours,	48	cores

Why	does	this	occur?	
Can	we	fix	it?
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‣ Training:	collect	residual	tensor									while	solving	ODE	for	
‣ Machine	learning:	compute	residual	PCA						and	sampling	matrix
‣ Reduc6on:	compute	regression	approxima3on

Cost reduction by gappy PCA [Everson and Sirovich, 1995]

minimize
v̂

k A rn( � v̂)k2

k2
Can	we	select						to	make	this	less	expensive?A

� v̂)k2

rn ⇡ r̃n = �r(P�r)
+Prn

�r P
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elements	of	d		
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Sample mesh [C., Farhat, Cortial, Amsallem, 2013]

vor(city	field pressure	field

LSPG	ROM	with	

32	min,	2	cores

+229x	savings	in	core–hours	
+<	1%	error	in	(me-averaged	drag

+HPC	on	a	laptop

sample	
mesh

minimize
v̂

k(P�r)
+Prn(�v̂)k2

A = (P�r)
+P

Prn|{z}
A

high-fidelity	
5	hours,	48	cores

Implemented	in	three	computa)onal-mechanics	codes	at	Sandia
�23
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Ahmed body [Ahmed, Ramm, Faitin, 1984]

 24

V1

‣ Unsteady	Navier–Stokes ‣ Re	=	4.3	x	106 ‣ M∞	=	0.175

Spa6al	discre6za6on	
‣ 2nd-order	finite	volume	
‣ DES	turbulence	model	
‣ 																	degrees	of	freedom

Temporal	discre6za6on	
‣ 2nd-order	BDF	
‣ Time	step		
‣ 																	3me	instances

�t = 8⇥ 10�5s

1.7⇥ 107 1.3⇥ 103
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Ahmed body results [C., Farhat, Cortial, Amsallem, 2013]

 25

pressure		
field

+438x	savings	in	core–hours

+HPC	on	a	laptop
sample	
mesh

high-fidelity	model	
13	hours,	512	cores

LSPG	ROM	with A = (P�r)
+P

4	hours,	4	cores

+ Largest	nonlinear	dynamical	system	on	which	ROM	has	ever	had	success
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Our research

Accurate,	low-cost,	structure-preserving,	
reliable,	cer)fied	nonlinear	model	reduc)on

 26

‣ accuracy:	LSPG	projec3on	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	An3l,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	Cor3al,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
[C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2019]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2018]	

‣ robustness:	projec3on	onto	nonlinear	manifolds	[Lee,	C.,	2018]	
‣ robustness:	h-adap3vity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	
‣ [Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2019;	Pagani,	Manzoni,	C.,	2019]
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Our research

Accurate,	low-cost,	structure-preserving,	
reliable,	cer)fied	nonlinear	model	reduc)on

‣ accuracy:	LSPG	projec3on	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	An3l,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	Cor3al,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
‣ [C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2019]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2018]	

‣ robustness:	projec3on	onto	nonlinear	manifolds	[Lee,	C.,	2018]	
‣ robustness:	h-adap3vity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	
‣ [Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2019;	Pagani,	Manzoni,	C.,	2019]

 27

Youngsoo	Choi Syuzanna	Sargsyan		
(U	Washington)
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Finite-volume method

 28

⌦j

�j

ODE:
dx
dt

= f(x; t)

‣ average	value	of	conserved	variable	i	over	control	volume	j

‣ flux	and	source	of	conserved	variable	i	within	control	volume	j

fI(i ,j)(x, t) = � 1

|⌦j |

Z

�j

gi (x;~x , t)| {z }
flux

·nj(~x) d~s(~x) +
1

|⌦j |

Z

⌦j

si (x;~x , t)| {z }
source

d~x

xI(i ,j)(t) =
1

|⌦j |

Z

⌦j

ui (~x , t) d~x

‣ conserva6on	viola6on	of	variable	i	in	control	volume	j	over	3me	step	n

O∆E: rn(xn) = 0, n = 1, ... ,N

rnI(i ,j) = xI(i ,j)(t
n+1)� xI(i ,j)(t

n) +

Z tn+1

tn
fI(i ,j)(x, t)dt

‣ rate	of	conserva6on	viola6on	of	variable	i	in	control	volume	j

rI(i ,j) =
dxI(i ,j)
dt

(t)� fI(i ,j)(x, t)
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Conservative Galerkin Conservative LSPG

‣ min.	sum	of	squared	
conserva3on-viola3on	rates	
subject	to	zero	conserva3on-viola3on	rates 
over	subdomains

‣ min.	sum	of	squared	
conserva3on	viola3ons	over	6me	step	n	
subject	to	zero	conserva3on	viola3ons	over	
6me	step	n	over	subdomains

minimize
v2range(�)

kr(v, x; t)k2

subject to Cr(v, x; t) = 0

minimize
v2range(�)

kArn(v)k2

subject to Crn(v) = 0

Conservative model reduction [C., Choi, Sargsyan, 2018]

 29

- Neither	enforces	conserva3on!

Galerkin LSPG

‣ min.	sum	of	squared	
conserva3on-viola3on	rates

‣ min.	sum	of	squared		
conserva3on	viola3ons	over	6me	step	n

Conservative model reduction for finite-volume models

K. Carlberg1, Y. Choi2, and S. Sargsyan3

1
Sandia National Laboratories

⇤

2
Lawrence Livermore National Laboratory

3
HERE Technologies

We present a method for model reduction of finite-volume models that guarantees the resulting

reduced-order model is conservative, thereby preserving the structure intrinsic to finite-volume

discretizations [1]. The proposed reduced-order models associate with optimization problems
characterized by (1) a minimum-residual objective function and (2) nonlinear equality constraints

that explicitly enforce conservation over subdomains. Conservative Galerkin projection arises

from formulating this optimization problem at the time-continuous level, while conservative least-
squares Petrov–Galerkin (LSPG) projection associates with a time-discrete formulation. Figure

1 depicts possible decomposed meshes over which conservation can be enforced for a vertex-

centered finite-volume model. We note that other recent works have also considered ROMs that

associate with constrained optimization problems [3, 2], although none are conservative.

We equip these approaches with hyper-reduction techniques in the case of nonlinear flux and

source terms, and also provide approaches for handling infeasibility. In addition, we perform

analyses that include deriving conditions under which conservative Galerkin and conservative

LSPG are equivalent, as well as deriving a posteriori error bounds.

On a parameterized quasi-1D Euler equation problem, the proposed method not only conserves

mass, momentum, and energy globally, but also has significantly lower state-space errors than

nonconservative reduced-order models such as standard Galerkin and LSPG projection.

(a) 3 subdomains (b) 2 subdomains (c) 1 (global) subdomain

Figure 1: Examples of decomposed meshes. The propose method enforces conservation over each
subdomain (denoted by colors). Note that 1 global subdomain enforces global conservation.

References
[1] K. Carlberg, Y. Choi, and S. Sargsyan. Conservative model reduction for finite-volume models. arXiv

e-print, (1711.11550), 2017.
[2] L. Fick, Y. Maday, A. T. Patera, and T. Taddei. A reduced basis technique for long-time unsteady

turbulent flows. arXiv preprint arXiv:1710.03569, 2017.
[3] R. Zimmermann, A. Vendl, and S. Görtz. Reduced-order modeling of steady flows subject to aero-

dynamic constraints. AIAA Journal, 52(2), 2014.

⇤
Sandia National Laboratories is a multimission laboratory managed and operated by National Technology and Engineering Solutions of

Sandia, LLC., a wholly owned subsidiary of Honeywell International, Inc., for the U.S. Department of Energy’s National Nuclear Security

Administration under contract DE-NA-0003525. Lawrence Livermore National Laboratory is operated by Lawrence Livermore National

Security, LLC, for the U.S. Department of Energy, National Nuclear Security Administration under Contract DE-AC52-07NA27344.

+ Conserva3on	enforced	over	subdomains!

�x̂n = argmin
v2range(�)

kArn(v)k2�
d x̂
dt

(x, t) = argmin
v2range(�)

kr(v, x; t)k2

‣ Experiments:	enforcing	global	conserva3on	can	reduce	error	by	10X
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Our research

Accurate,	low-cost,	structure-preserving,	
reliable,	cer)fied	nonlinear	model	reduc)on

‣ accuracy:	LSPG	projec3on	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	An3l,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	Cor3al,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
‣ [C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2019]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2018]	

‣ robustness:	projec3on	onto	nonlinear	manifolds	[Lee,	C.,	2018]	
‣ robustness:	h-adap3vity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	
‣ [Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2019;	Pagani,	Manzoni,	C.,	2019]

 30

Kookjin	Lee
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Model reduction can work well…

�31

vor(city	field pressure	field

LSPG	ROM	with	

32	min,	2	cores

+229x	savings	in	core–hours	
+<	1%	error	in	(me-averaged	drag

A = (P�r)
+P

high-fidelity	
5	hours,	48	cores

…	however,	this	is	not	guaranteed
x(t) ⇡ x̃(t) = �x̂(t)x(t) ⇡ x̃(t) = �

1) Linear-subspace	assump)on	is	strong
2) Accuracy	limited	by	informa)on	inx(t) ⇡ x̃(t) = �
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Kolmogorov-width limitation of linear subspaces

�32

:	solu3on	manifold	M := {x(t,µ) | t œ [0,Tfinal], µ œ D}
<latexit sha1_base64="An3+XjeWwB9E9m/zy43+xzubk5Q="></latexit><latexit sha1_base64="An3+XjeWwB9E9m/zy43+xzubk5Q="></latexit><latexit sha1_base64="An3+XjeWwB9E9m/zy43+xzubk5Q="></latexit><latexit sha1_base64="An3+XjeWwB9E9m/zy43+xzubk5Q="></latexit>

‣ 				

dp(M) := inf
Sp

PŒ(M,Sp)
<latexit sha1_base64="SEUqShJRN6KcobzOcNfXI2urw+E="></latexit><latexit sha1_base64="SEUqShJRN6KcobzOcNfXI2urw+E="></latexit><latexit sha1_base64="SEUqShJRN6KcobzOcNfXI2urw+E="></latexit><latexit sha1_base64="SEUqShJRN6KcobzOcNfXI2urw+E="></latexit>

PŒ(M,Sp) := sup
xœM

inf
yœSp

Îx ≠ yÎ
<latexit sha1_base64="VGEnHH1nxM1fwWy2eyIISdekEi8="></latexit><latexit sha1_base64="VGEnHH1nxM1fwWy2eyIISdekEi8="></latexit><latexit sha1_base64="VGEnHH1nxM1fwWy2eyIISdekEi8="></latexit><latexit sha1_base64="VGEnHH1nxM1fwWy2eyIISdekEi8="></latexit>

‣ 				Sp
<latexit sha1_base64="XTCjcbaQp8CZvUiuP8fWrWLwKZA="></latexit><latexit sha1_base64="XTCjcbaQp8CZvUiuP8fWrWLwKZA="></latexit><latexit sha1_base64="XTCjcbaQp8CZvUiuP8fWrWLwKZA="></latexit><latexit sha1_base64="XTCjcbaQp8CZvUiuP8fWrWLwKZA="></latexit>

:	set	of	all	p-dimensional	linear	subspaces
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Kolmogorov-width limitation of linear subspaces

�32

- Kolmogorov-width	limita3on:	significant	error	for

re
la
3v
e	
er
ro
r	

dimension	n	

P2(M, range(�))
<latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit><latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit><latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit><latexit sha1_base64="OM+1bS4IBRoLQ2BoWA+ZJZxZZS0="></latexit>

reduced	dimension	p	 reduced	dimension	p	

Problem 1 Problem 2

dim(M)
<latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit><latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit><latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit><latexit sha1_base64="eYd/TmAKtfhetUBkhQwBtzduqr0="></latexit>

:	solu3on	manifold	M := {x(t,µ) | t œ [0,Tfinal], µ œ D}
<latexit sha1_base64="An3+XjeWwB9E9m/zy43+xzubk5Q="></latexit><latexit sha1_base64="An3+XjeWwB9E9m/zy43+xzubk5Q="></latexit><latexit sha1_base64="An3+XjeWwB9E9m/zy43+xzubk5Q="></latexit><latexit sha1_base64="An3+XjeWwB9E9m/zy43+xzubk5Q="></latexit>

‣ 				
‣ 				Sp

<latexit sha1_base64="XTCjcbaQp8CZvUiuP8fWrWLwKZA="></latexit><latexit sha1_base64="XTCjcbaQp8CZvUiuP8fWrWLwKZA="></latexit><latexit sha1_base64="XTCjcbaQp8CZvUiuP8fWrWLwKZA="></latexit><latexit sha1_base64="XTCjcbaQp8CZvUiuP8fWrWLwKZA="></latexit>

:	set	of	all	p-dimensional	linear	subspaces

P2(M,Sp) :=
Û ÿ

xœM
inf
yœSp

Îx ≠ yÎ2/

Û ÿ

xœM
ÎxÎ2

<latexit sha1_base64="9ri+eTVicV6L71IlWXOepkzdwBo="></latexit><latexit sha1_base64="9ri+eTVicV6L71IlWXOepkzdwBo="></latexit><latexit sha1_base64="9ri+eTVicV6L71IlWXOepkzdwBo="></latexit><latexit sha1_base64="9ri+eTVicV6L71IlWXOepkzdwBo="></latexit>

d̃p(M) := inf
Sp

P2(M,Sp)
<latexit sha1_base64="JyC/nt77Zqu9Ap88BBUw2r5UPUQ="></latexit><latexit sha1_base64="JyC/nt77Zqu9Ap88BBUw2r5UPUQ="></latexit><latexit sha1_base64="JyC/nt77Zqu9Ap88BBUw2r5UPUQ="></latexit><latexit sha1_base64="JyC/nt77Zqu9Ap88BBUw2r5UPUQ="></latexit>

d̃p(M)
<latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit><latexit sha1_base64="LrnqHRZWsryvZQSwAqNwWmNbYiU="></latexit>

q
xœM Îx ≠ x̃LSPGÎ2
q

xœM ÎxÎ2
<latexit sha1_base64="57PSrAw5tSLQbc4IPz78UJbIBVQ="></latexit><latexit sha1_base64="57PSrAw5tSLQbc4IPz78UJbIBVQ="></latexit><latexit sha1_base64="57PSrAw5tSLQbc4IPz78UJbIBVQ="></latexit><latexit sha1_base64="57PSrAw5tSLQbc4IPz78UJbIBVQ="></latexit>

p = dim(M)
<latexit sha1_base64="2pdpe7u8BGyf/LAvfsjto5VJ0e4="></latexit><latexit sha1_base64="2pdpe7u8BGyf/LAvfsjto5VJ0e4="></latexit><latexit sha1_base64="2pdpe7u8BGyf/LAvfsjto5VJ0e4="></latexit><latexit sha1_base64="2pdpe7u8BGyf/LAvfsjto5VJ0e4="></latexit>
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Overcoming Kolmogorov-width limitation

�33

Model	reduc6on	on	nonlinear	manifolds	[Gu,	2011;	Kashima,	2016;	Hartman	and	Mestha,	2017]	
- Kinema3cally	inconsistent	[Kashima,	2016;	Hartman	and	Mestha,	2017]	
- Limited	to	piecewise	linear	manifolds	[Gu,	2011]	
- Solu3ons	lack	op3mality	[Gu,	2011;	Kashima,	2016;	Hartman	and	Mestha,	2017]

Manually	transform	the	linear	subspace	[Ohlberger	and	Rave,	2013;	Iollo	and	Lombardi,	2014;	Cagniart	
et	al.,	2019;	Reiss	et	al.,	2018;	Welper,	2017;	Mojgani	and	Balajewicz,	2017;	Gerbeau	and	Lombardi,	2014;	Nair	and	Balajewicz,	2019]	
+ Works	well	on	specialized	problems		
- Requires	problem-specific	knowledge	
- Does	not	consider	manifolds	of	general	nonlinear	structure

Local	linear	subspaces		
[Dihlmann	et	al.,	2011;	Drohmann	et	al.,	2011;	Taddei	et	al.,	2015;	Amsallem	et	al.,	2012;	Peherstorfer	and	Willcox,	2015]	
+ Tailored	bases	for	regions	of	3me/physical	domain	or	state	space	
- Does	not	consider	manifolds	of	general	nonlinear	structure
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Goals

�34

Overcome	shortcomings	of	exis6ng	methods	
+ Enable	nonlinear	manifolds	with	general	nonlinear	structure	
+ Kinema3cally	consistent	
+ Sa3sfy	op3mality	property

Model	reduc)on	of	dynamical	systems	on	nonlinear	manifolds	using	
deep	convolu)onal	autoencoders	[Lee	and	C.,	2018]

Prac6cal	nonlinear-manifold	construc6on	
+ No	problem-specific	knowledge	required	
+ Use	same	snapshot	data	as	typical	linear-subspace	approaches
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Nonlinear trial manifold

�35

Linear trial subspace

x1
<latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit>

x2
<latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit>

x3
<latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit>

x1
<latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit><latexit sha1_base64="+qW0leZIKeTFm6OE7iIbD5oBxzQ="></latexit>

x2
<latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit><latexit sha1_base64="g3At/66ikKCYqqqb6fosMrn6SHY="></latexit>

x3
<latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit><latexit sha1_base64="jSUIizB1owmPxP0WJfBhk78MIWM="></latexit>

example 
N=3 
p=2

state x̂(t)x(t) ¥ x̃(t) = �
<latexit sha1_base64="n1nx8UBigTRYloruWS3wvejDia4="></latexit><latexit sha1_base64="n1nx8UBigTRYloruWS3wvejDia4="></latexit><latexit sha1_base64="n1nx8UBigTRYloruWS3wvejDia4="></latexit><latexit sha1_base64="n1nx8UBigTRYloruWS3wvejDia4="></latexit>

œ range(�)
<latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit><latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit><latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit><latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit>

velocity
dx
dt

¥ d x̃
dt

= �
d x̂
dt

<latexit sha1_base64="FDvm1u0VPbaWs6IvJjfTIb/cZ/4="></latexit><latexit sha1_base64="FDvm1u0VPbaWs6IvJjfTIb/cZ/4="></latexit><latexit sha1_base64="FDvm1u0VPbaWs6IvJjfTIb/cZ/4="></latexit><latexit sha1_base64="FDvm1u0VPbaWs6IvJjfTIb/cZ/4="></latexit>

œ range(�)
<latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit><latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit><latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit><latexit sha1_base64="3OzcYl9U+WFzxTUly5Wxa+QuJAY="></latexit>

+ kinema3cally	consistent

dx
dt

¥ d x̃
dt

= Òg(x̂)d x̂
dt

œ Tx̂S
<latexit sha1_base64="VIn9eyKPBDDbIv8ykSnMgSKNVoY="></latexit><latexit sha1_base64="VIn9eyKPBDDbIv8ykSnMgSKNVoY="></latexit><latexit sha1_base64="VIn9eyKPBDDbIv8ykSnMgSKNVoY="></latexit><latexit sha1_base64="VIn9eyKPBDDbIv8ykSnMgSKNVoY="></latexit>

range(�) := {�x̂ | x̂ œ Rp}
<latexit sha1_base64="IpUtPofFU+mJxe6IDQ/H/VmD+nw="></latexit><latexit sha1_base64="IpUtPofFU+mJxe6IDQ/H/VmD+nw="></latexit><latexit sha1_base64="IpUtPofFU+mJxe6IDQ/H/VmD+nw="></latexit><latexit sha1_base64="IpUtPofFU+mJxe6IDQ/H/VmD+nw="></latexit>

Nonlinear trial manifold
S := {g(x̂) | x̂ œ Rp}

<latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit>

(
<latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit><latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit><latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit>

(
<latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit> <latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit> <latexit sha1_base64="LYnnYdZqjt5xSPzUsPU9+ADXqWc="></latexit>

x(t) ¥ x̃(t) = g(x̂(t)) œ S
<latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit><latexit sha1_base64="pd+Kfonz3r/PxRAtAnZ6KLk+jWE="></latexit>

+ manifold	has	general	structure
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Manifold Galerkin and LSPG projection

�36

Linear-subspace ROM

Galerkin

LSPG x̂n = argmin
v̂œRp

ÎArn(�v̂)Î2
<latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit><latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit><latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit><latexit sha1_base64="EnhZ/ivNXf6zWlek9KLPaMecdbQ="></latexit>

x̂n = argmin
v̂œRp

ÎArn(g(v̂))Î2
<latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit><latexit sha1_base64="U41qvumLm27MWByfL3XJOAv19ng="></latexit>

+ Sa3sfy	op3mality	proper3es

Ì
<latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit>

�
d x̂
dt

= argmin
v̂œrange(�)

Îv̂ ≠ f(�x̂; t)Î2
<latexit sha1_base64="Sih8Hm3Q/DTNC7kZjYi/NhPIrBo="></latexit><latexit sha1_base64="Sih8Hm3Q/DTNC7kZjYi/NhPIrBo="></latexit><latexit sha1_base64="Sih8Hm3Q/DTNC7kZjYi/NhPIrBo="></latexit><latexit sha1_base64="Sih8Hm3Q/DTNC7kZjYi/NhPIrBo="></latexit>

Ì
<latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit>

Òg(x̂)d x̂
dt

= argmin
v̂œTx̂S

Îv̂ ≠ f(g(x̂); t)Î2
<latexit sha1_base64="o1u6cZsVogzrb7zTcYkPsgkKuf8="></latexit><latexit sha1_base64="o1u6cZsVogzrb7zTcYkPsgkKuf8="></latexit><latexit sha1_base64="o1u6cZsVogzrb7zTcYkPsgkKuf8="></latexit><latexit sha1_base64="o1u6cZsVogzrb7zTcYkPsgkKuf8="></latexit>

Ì
<latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit>

d x̂
dt

= �T f(�x̂; t)
<latexit sha1_base64="4+LybUjyKJDg/PElVln013lxGyc="></latexit><latexit sha1_base64="4+LybUjyKJDg/PElVln013lxGyc="></latexit><latexit sha1_base64="4+LybUjyKJDg/PElVln013lxGyc="></latexit><latexit sha1_base64="4+LybUjyKJDg/PElVln013lxGyc="></latexit>

Ì
<latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit><latexit sha1_base64="zEqhoh9gMPW5uafM6D6hd5Alauk="></latexit>

d x̂
dt

= Òg(x̂)+f(g(x̂); t)
<latexit sha1_base64="lFW6KPZyv9qQjngGWtjXXKzEjn0="></latexit><latexit sha1_base64="lFW6KPZyv9qQjngGWtjXXKzEjn0="></latexit><latexit sha1_base64="lFW6KPZyv9qQjngGWtjXXKzEjn0="></latexit><latexit sha1_base64="lFW6KPZyv9qQjngGWtjXXKzEjn0="></latexit>

Nonlinear-manifold ROM

d x̂
dt

= argmin
v̂œRn

Îr(Òg(x̂)v̂, g(x̂); t)Î2
<latexit sha1_base64="3SyEFPQooVdew7Ae1OwDddyqGWo="></latexit><latexit sha1_base64="3SyEFPQooVdew7Ae1OwDddyqGWo="></latexit><latexit sha1_base64="3SyEFPQooVdew7Ae1OwDddyqGWo="></latexit><latexit sha1_base64="3SyEFPQooVdew7Ae1OwDddyqGWo="></latexit>

d x̂
dt

= argmin
v̂œRn

Îr(�v̂,�x̂; t)Î2
<latexit sha1_base64="kl0nU62nKm8FvKPFmSNfvl0Ej8A="></latexit><latexit sha1_base64="kl0nU62nKm8FvKPFmSNfvl0Ej8A="></latexit><latexit sha1_base64="kl0nU62nKm8FvKPFmSNfvl0Ej8A="></latexit><latexit sha1_base64="kl0nU62nKm8FvKPFmSNfvl0Ej8A="></latexit>

How	to	construct	manifold																																										from	snapshot	data?S := {g(x̂) | x̂ œ Rp}
<latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit><latexit sha1_base64="8Q9v2YBg9Vw6sXtjua81+efAwdU="></latexit>
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Deep autoencoders

�37

Input layer Code Output layer

x̂1<latexit sha1_base64="fAOktgRp8Ii36YxW2YEpjnkotQk="></latexit><latexit sha1_base64="fAOktgRp8Ii36YxW2YEpjnkotQk="></latexit><latexit sha1_base64="fAOktgRp8Ii36YxW2YEpjnkotQk="></latexit><latexit sha1_base64="fAOktgRp8Ii36YxW2YEpjnkotQk="></latexit>

x̂2<latexit sha1_base64="wWiHcHRw4noBmVDf6stOmGVvH5U="></latexit><latexit sha1_base64="wWiHcHRw4noBmVDf6stOmGVvH5U="></latexit><latexit sha1_base64="wWiHcHRw4noBmVDf6stOmGVvH5U="></latexit><latexit sha1_base64="wWiHcHRw4noBmVDf6stOmGVvH5U="></latexit>

x1
<latexit sha1_base64="Xa4Bk1CqAT7kthQTXYfqGQpcgz8="></latexit><latexit sha1_base64="Xa4Bk1CqAT7kthQTXYfqGQpcgz8="></latexit><latexit sha1_base64="Xa4Bk1CqAT7kthQTXYfqGQpcgz8="></latexit><latexit sha1_base64="Xa4Bk1CqAT7kthQTXYfqGQpcgz8="></latexit>

x2
<latexit sha1_base64="k/HDIa52RCrX9KPGESQCbsto0Qc="></latexit><latexit sha1_base64="k/HDIa52RCrX9KPGESQCbsto0Qc="></latexit><latexit sha1_base64="k/HDIa52RCrX9KPGESQCbsto0Qc="></latexit><latexit sha1_base64="k/HDIa52RCrX9KPGESQCbsto0Qc="></latexit>

x3
<latexit sha1_base64="OZDj2qyY2LEmiez9ldOibUl0vQ0="></latexit><latexit sha1_base64="OZDj2qyY2LEmiez9ldOibUl0vQ0="></latexit><latexit sha1_base64="OZDj2qyY2LEmiez9ldOibUl0vQ0="></latexit><latexit sha1_base64="OZDj2qyY2LEmiez9ldOibUl0vQ0="></latexit>

x4
<latexit sha1_base64="3S3qaeqQ9zR8my6JpZDvFlAzTxU="></latexit><latexit sha1_base64="3S3qaeqQ9zR8my6JpZDvFlAzTxU="></latexit><latexit sha1_base64="3S3qaeqQ9zR8my6JpZDvFlAzTxU="></latexit><latexit sha1_base64="3S3qaeqQ9zR8my6JpZDvFlAzTxU="></latexit>

x5
<latexit sha1_base64="5171ZJXcRk4UkbAeuUEmwOUijbc="></latexit><latexit sha1_base64="5171ZJXcRk4UkbAeuUEmwOUijbc="></latexit><latexit sha1_base64="5171ZJXcRk4UkbAeuUEmwOUijbc="></latexit><latexit sha1_base64="5171ZJXcRk4UkbAeuUEmwOUijbc="></latexit>

x6
<latexit sha1_base64="ITsVNVtzZO5L1tD3e1e2ZCrtVfc="></latexit><latexit sha1_base64="ITsVNVtzZO5L1tD3e1e2ZCrtVfc="></latexit><latexit sha1_base64="ITsVNVtzZO5L1tD3e1e2ZCrtVfc="></latexit><latexit sha1_base64="ITsVNVtzZO5L1tD3e1e2ZCrtVfc="></latexit>

x7
<latexit sha1_base64="gcMyGelkbfiFJqjyu3ayTmz2YEY="></latexit><latexit sha1_base64="gcMyGelkbfiFJqjyu3ayTmz2YEY="></latexit><latexit sha1_base64="gcMyGelkbfiFJqjyu3ayTmz2YEY="></latexit><latexit sha1_base64="gcMyGelkbfiFJqjyu3ayTmz2YEY="></latexit>

x8
<latexit sha1_base64="20CBTWX71Tp11rfm7whiLI5Wsv4="></latexit><latexit sha1_base64="20CBTWX71Tp11rfm7whiLI5Wsv4="></latexit><latexit sha1_base64="20CBTWX71Tp11rfm7whiLI5Wsv4="></latexit><latexit sha1_base64="20CBTWX71Tp11rfm7whiLI5Wsv4="></latexit>

x̃8
<latexit sha1_base64="NYFPVRrSBZ0OgHibE6yEUih0ZQQ="></latexit><latexit sha1_base64="NYFPVRrSBZ0OgHibE6yEUih0ZQQ="></latexit><latexit sha1_base64="NYFPVRrSBZ0OgHibE6yEUih0ZQQ="></latexit><latexit sha1_base64="NYFPVRrSBZ0OgHibE6yEUih0ZQQ="></latexit>

x̃7
<latexit sha1_base64="HbIDylPO/3dkegIUsmMXLduLNoY="></latexit><latexit sha1_base64="HbIDylPO/3dkegIUsmMXLduLNoY="></latexit><latexit sha1_base64="HbIDylPO/3dkegIUsmMXLduLNoY="></latexit><latexit sha1_base64="HbIDylPO/3dkegIUsmMXLduLNoY="></latexit>

x̃6
<latexit sha1_base64="N5yEwZkiT28Q/w1Y0+WmNTZ9S0o="></latexit><latexit sha1_base64="N5yEwZkiT28Q/w1Y0+WmNTZ9S0o="></latexit><latexit sha1_base64="N5yEwZkiT28Q/w1Y0+WmNTZ9S0o="></latexit><latexit sha1_base64="N5yEwZkiT28Q/w1Y0+WmNTZ9S0o="></latexit>

x̃5
<latexit sha1_base64="1mGF0VNKZJlG1EP9UlSZzw12v+k="></latexit><latexit sha1_base64="1mGF0VNKZJlG1EP9UlSZzw12v+k="></latexit><latexit sha1_base64="1mGF0VNKZJlG1EP9UlSZzw12v+k="></latexit><latexit sha1_base64="1mGF0VNKZJlG1EP9UlSZzw12v+k="></latexit>

x̃4<latexit sha1_base64="YNew4Luk9zk5UWNkuym4Xq1lB+o="></latexit><latexit sha1_base64="YNew4Luk9zk5UWNkuym4Xq1lB+o="></latexit><latexit sha1_base64="YNew4Luk9zk5UWNkuym4Xq1lB+o="></latexit><latexit sha1_base64="YNew4Luk9zk5UWNkuym4Xq1lB+o="></latexit>

x̃3
<latexit sha1_base64="Ekx1cfjdO8IwEm79Df+uiCzuwis="></latexit><latexit sha1_base64="Ekx1cfjdO8IwEm79Df+uiCzuwis="></latexit><latexit sha1_base64="Ekx1cfjdO8IwEm79Df+uiCzuwis="></latexit><latexit sha1_base64="Ekx1cfjdO8IwEm79Df+uiCzuwis="></latexit>

x̃2<latexit sha1_base64="xva0GTehG+WghgWzLIEK2F1nh3g="></latexit><latexit sha1_base64="xva0GTehG+WghgWzLIEK2F1nh3g="></latexit><latexit sha1_base64="xva0GTehG+WghgWzLIEK2F1nh3g="></latexit><latexit sha1_base64="xva0GTehG+WghgWzLIEK2F1nh3g="></latexit>

x̃1<latexit sha1_base64="vAyTfm15ycDV9z7/L6LY0EiwNHY="></latexit><latexit sha1_base64="vAyTfm15ycDV9z7/L6LY0EiwNHY="></latexit><latexit sha1_base64="vAyTfm15ycDV9z7/L6LY0EiwNHY="></latexit><latexit sha1_base64="vAyTfm15ycDV9z7/L6LY0EiwNHY="></latexit>

minimize| {z }
A

minimize| {z }
AEncoder henc(·; ◊enc)

<latexit sha1_base64="CjTLPn3YXEpJm1dR47uGY0Me0Fg="></latexit><latexit sha1_base64="CjTLPn3YXEpJm1dR47uGY0Me0Fg="></latexit><latexit sha1_base64="CjTLPn3YXEpJm1dR47uGY0Me0Fg="></latexit><latexit sha1_base64="CjTLPn3YXEpJm1dR47uGY0Me0Fg="></latexit>

Decoder hdec(·; ◊dec)
<latexit sha1_base64="76KsB5bMpaTJD3XhowdusbDRKj4="></latexit><latexit sha1_base64="76KsB5bMpaTJD3XhowdusbDRKj4="></latexit><latexit sha1_base64="76KsB5bMpaTJD3XhowdusbDRKj4="></latexit><latexit sha1_base64="76KsB5bMpaTJD3XhowdusbDRKj4="></latexit>

x̃ = hdec(·; ◊dec) ¶ henc(x; ◊enc)
<latexit sha1_base64="h2Es0XrFpGsBNIauEs7oqiZ//TA="></latexit><latexit sha1_base64="h2Es0XrFpGsBNIauEs7oqiZ//TA="></latexit><latexit sha1_base64="h2Es0XrFpGsBNIauEs7oqiZ//TA="></latexit><latexit sha1_base64="h2Es0XrFpGsBNIauEs7oqiZ//TA="></latexit>
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Deep autoencoders

�37

Input layer Code Output layer

x̂1<latexit sha1_base64="fAOktgRp8Ii36YxW2YEpjnkotQk="></latexit><latexit sha1_base64="fAOktgRp8Ii36YxW2YEpjnkotQk="></latexit><latexit sha1_base64="fAOktgRp8Ii36YxW2YEpjnkotQk="></latexit><latexit sha1_base64="fAOktgRp8Ii36YxW2YEpjnkotQk="></latexit>

x̂2<latexit sha1_base64="wWiHcHRw4noBmVDf6stOmGVvH5U="></latexit><latexit sha1_base64="wWiHcHRw4noBmVDf6stOmGVvH5U="></latexit><latexit sha1_base64="wWiHcHRw4noBmVDf6stOmGVvH5U="></latexit><latexit sha1_base64="wWiHcHRw4noBmVDf6stOmGVvH5U="></latexit>

x1
<latexit sha1_base64="Xa4Bk1CqAT7kthQTXYfqGQpcgz8="></latexit><latexit sha1_base64="Xa4Bk1CqAT7kthQTXYfqGQpcgz8="></latexit><latexit sha1_base64="Xa4Bk1CqAT7kthQTXYfqGQpcgz8="></latexit><latexit sha1_base64="Xa4Bk1CqAT7kthQTXYfqGQpcgz8="></latexit>

x2
<latexit sha1_base64="k/HDIa52RCrX9KPGESQCbsto0Qc="></latexit><latexit sha1_base64="k/HDIa52RCrX9KPGESQCbsto0Qc="></latexit><latexit sha1_base64="k/HDIa52RCrX9KPGESQCbsto0Qc="></latexit><latexit sha1_base64="k/HDIa52RCrX9KPGESQCbsto0Qc="></latexit>

x3
<latexit sha1_base64="OZDj2qyY2LEmiez9ldOibUl0vQ0="></latexit><latexit sha1_base64="OZDj2qyY2LEmiez9ldOibUl0vQ0="></latexit><latexit sha1_base64="OZDj2qyY2LEmiez9ldOibUl0vQ0="></latexit><latexit sha1_base64="OZDj2qyY2LEmiez9ldOibUl0vQ0="></latexit>

x4
<latexit sha1_base64="3S3qaeqQ9zR8my6JpZDvFlAzTxU="></latexit><latexit sha1_base64="3S3qaeqQ9zR8my6JpZDvFlAzTxU="></latexit><latexit sha1_base64="3S3qaeqQ9zR8my6JpZDvFlAzTxU="></latexit><latexit sha1_base64="3S3qaeqQ9zR8my6JpZDvFlAzTxU="></latexit>

x5
<latexit sha1_base64="5171ZJXcRk4UkbAeuUEmwOUijbc="></latexit><latexit sha1_base64="5171ZJXcRk4UkbAeuUEmwOUijbc="></latexit><latexit sha1_base64="5171ZJXcRk4UkbAeuUEmwOUijbc="></latexit><latexit sha1_base64="5171ZJXcRk4UkbAeuUEmwOUijbc="></latexit>

x6
<latexit sha1_base64="ITsVNVtzZO5L1tD3e1e2ZCrtVfc="></latexit><latexit sha1_base64="ITsVNVtzZO5L1tD3e1e2ZCrtVfc="></latexit><latexit sha1_base64="ITsVNVtzZO5L1tD3e1e2ZCrtVfc="></latexit><latexit sha1_base64="ITsVNVtzZO5L1tD3e1e2ZCrtVfc="></latexit>

x7
<latexit sha1_base64="gcMyGelkbfiFJqjyu3ayTmz2YEY="></latexit><latexit sha1_base64="gcMyGelkbfiFJqjyu3ayTmz2YEY="></latexit><latexit sha1_base64="gcMyGelkbfiFJqjyu3ayTmz2YEY="></latexit><latexit sha1_base64="gcMyGelkbfiFJqjyu3ayTmz2YEY="></latexit>

x8
<latexit sha1_base64="20CBTWX71Tp11rfm7whiLI5Wsv4="></latexit><latexit sha1_base64="20CBTWX71Tp11rfm7whiLI5Wsv4="></latexit><latexit sha1_base64="20CBTWX71Tp11rfm7whiLI5Wsv4="></latexit><latexit sha1_base64="20CBTWX71Tp11rfm7whiLI5Wsv4="></latexit>

x̃8
<latexit sha1_base64="NYFPVRrSBZ0OgHibE6yEUih0ZQQ="></latexit><latexit sha1_base64="NYFPVRrSBZ0OgHibE6yEUih0ZQQ="></latexit><latexit sha1_base64="NYFPVRrSBZ0OgHibE6yEUih0ZQQ="></latexit><latexit sha1_base64="NYFPVRrSBZ0OgHibE6yEUih0ZQQ="></latexit>

x̃7
<latexit sha1_base64="HbIDylPO/3dkegIUsmMXLduLNoY="></latexit><latexit sha1_base64="HbIDylPO/3dkegIUsmMXLduLNoY="></latexit><latexit sha1_base64="HbIDylPO/3dkegIUsmMXLduLNoY="></latexit><latexit sha1_base64="HbIDylPO/3dkegIUsmMXLduLNoY="></latexit>

x̃6
<latexit sha1_base64="N5yEwZkiT28Q/w1Y0+WmNTZ9S0o="></latexit><latexit sha1_base64="N5yEwZkiT28Q/w1Y0+WmNTZ9S0o="></latexit><latexit sha1_base64="N5yEwZkiT28Q/w1Y0+WmNTZ9S0o="></latexit><latexit sha1_base64="N5yEwZkiT28Q/w1Y0+WmNTZ9S0o="></latexit>

x̃5
<latexit sha1_base64="1mGF0VNKZJlG1EP9UlSZzw12v+k="></latexit><latexit sha1_base64="1mGF0VNKZJlG1EP9UlSZzw12v+k="></latexit><latexit sha1_base64="1mGF0VNKZJlG1EP9UlSZzw12v+k="></latexit><latexit sha1_base64="1mGF0VNKZJlG1EP9UlSZzw12v+k="></latexit>

x̃4<latexit sha1_base64="YNew4Luk9zk5UWNkuym4Xq1lB+o="></latexit><latexit sha1_base64="YNew4Luk9zk5UWNkuym4Xq1lB+o="></latexit><latexit sha1_base64="YNew4Luk9zk5UWNkuym4Xq1lB+o="></latexit><latexit sha1_base64="YNew4Luk9zk5UWNkuym4Xq1lB+o="></latexit>

x̃3
<latexit sha1_base64="Ekx1cfjdO8IwEm79Df+uiCzuwis="></latexit><latexit sha1_base64="Ekx1cfjdO8IwEm79Df+uiCzuwis="></latexit><latexit sha1_base64="Ekx1cfjdO8IwEm79Df+uiCzuwis="></latexit><latexit sha1_base64="Ekx1cfjdO8IwEm79Df+uiCzuwis="></latexit>

x̃2<latexit sha1_base64="xva0GTehG+WghgWzLIEK2F1nh3g="></latexit><latexit sha1_base64="xva0GTehG+WghgWzLIEK2F1nh3g="></latexit><latexit sha1_base64="xva0GTehG+WghgWzLIEK2F1nh3g="></latexit><latexit sha1_base64="xva0GTehG+WghgWzLIEK2F1nh3g="></latexit>

x̃1<latexit sha1_base64="vAyTfm15ycDV9z7/L6LY0EiwNHY="></latexit><latexit sha1_base64="vAyTfm15ycDV9z7/L6LY0EiwNHY="></latexit><latexit sha1_base64="vAyTfm15ycDV9z7/L6LY0EiwNHY="></latexit><latexit sha1_base64="vAyTfm15ycDV9z7/L6LY0EiwNHY="></latexit>

minimize| {z }
A

minimize| {z }
A

+ If													for	parameters									,																																	produces	an	accurate	manifoldx̃ ¥ x
<latexit sha1_base64="jabDSs01/PGWMX7NlkpbJxyPkcE="></latexit><latexit sha1_base64="jabDSs01/PGWMX7NlkpbJxyPkcE="></latexit><latexit sha1_base64="jabDSs01/PGWMX7NlkpbJxyPkcE="></latexit><latexit sha1_base64="jabDSs01/PGWMX7NlkpbJxyPkcE="></latexit>

Encoder henc(·; ◊enc)
<latexit sha1_base64="CjTLPn3YXEpJm1dR47uGY0Me0Fg="></latexit><latexit sha1_base64="CjTLPn3YXEpJm1dR47uGY0Me0Fg="></latexit><latexit sha1_base64="CjTLPn3YXEpJm1dR47uGY0Me0Fg="></latexit><latexit sha1_base64="CjTLPn3YXEpJm1dR47uGY0Me0Fg="></latexit>

Decoder hdec(·; ◊dec)
<latexit sha1_base64="76KsB5bMpaTJD3XhowdusbDRKj4="></latexit><latexit sha1_base64="76KsB5bMpaTJD3XhowdusbDRKj4="></latexit><latexit sha1_base64="76KsB5bMpaTJD3XhowdusbDRKj4="></latexit><latexit sha1_base64="76KsB5bMpaTJD3XhowdusbDRKj4="></latexit>

x̃ = hdec(·; ◊dec) ¶ henc(x; ◊enc)
<latexit sha1_base64="h2Es0XrFpGsBNIauEs7oqiZ//TA="></latexit><latexit sha1_base64="h2Es0XrFpGsBNIauEs7oqiZ//TA="></latexit><latexit sha1_base64="h2Es0XrFpGsBNIauEs7oqiZ//TA="></latexit><latexit sha1_base64="h2Es0XrFpGsBNIauEs7oqiZ//TA="></latexit>

g = hdec(·; ◊ı
dec)

<latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit><latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit><latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit>

◊ı
dec

<latexit sha1_base64="hiRT5PZs9x/zq0GUYy3MJAm8U2k="></latexit><latexit sha1_base64="hiRT5PZs9x/zq0GUYy3MJAm8U2k="></latexit><latexit sha1_base64="hiRT5PZs9x/zq0GUYy3MJAm8U2k="></latexit><latexit sha1_base64="hiRT5PZs9x/zq0GUYy3MJAm8U2k="></latexit>
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Algorithm

�38

X =

1. Training:	Solve	ODE	for																										and	collect	simula3on	data
2. Machine	learning:	Train	deep	convolu3onal	autoencoder
3. Reduc(on:	Solve	manifold	Galerkin	or	LSPG	for µ œ Dquery \ Dtraining

<latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="tRkVu21bdM4dDDYrs0VFg6nQOr0="></latexit><latexit sha1_base64="8dW8o2zOtY4MFtUp5Yw+WIlsS7k="></latexit><latexit sha1_base64="8dW8o2zOtY4MFtUp5Yw+WIlsS7k="></latexit><latexit sha1_base64="yap9hZdV1fbhz8J/tgRlp+WeW1c="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit>

µ œ Dtraining
<latexit sha1_base64="EJInwuEgu2Jchj6A7PvLSvSxPZU="></latexit><latexit sha1_base64="EJInwuEgu2Jchj6A7PvLSvSxPZU="></latexit><latexit sha1_base64="EJInwuEgu2Jchj6A7PvLSvSxPZU="></latexit><latexit sha1_base64="EJInwuEgu2Jchj6A7PvLSvSxPZU="></latexit>
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‣ 	Compute							by	approximately	solving
‣ 	Define	nonlinear	trial	manifold	by	sevng	
+ 	No	problem-specific	knowledge	required
+ 	Same	snapshot	data

Algorithm

�38

X(1) =X = = X̃(1)(◊)
<latexit sha1_base64="+gFvLcjhyd6wK8V+7pBV9vDwQiY="></latexit><latexit sha1_base64="+gFvLcjhyd6wK8V+7pBV9vDwQiY="></latexit><latexit sha1_base64="+gFvLcjhyd6wK8V+7pBV9vDwQiY="></latexit><latexit sha1_base64="+gFvLcjhyd6wK8V+7pBV9vDwQiY="></latexit>

minimize
◊

ÎX(1) ≠ X̃(1)(◊)ÎF
<latexit sha1_base64="+893vpJ7bOObKcSwkOk7YkxUTiM="></latexit><latexit sha1_base64="+893vpJ7bOObKcSwkOk7YkxUTiM="></latexit><latexit sha1_base64="+893vpJ7bOObKcSwkOk7YkxUTiM="></latexit><latexit sha1_base64="+893vpJ7bOObKcSwkOk7YkxUTiM="></latexit>

◊ı
<latexit sha1_base64="LTFYG4lMmH0iDL81BAEtn3hQkWg="></latexit><latexit sha1_base64="LTFYG4lMmH0iDL81BAEtn3hQkWg="></latexit><latexit sha1_base64="LTFYG4lMmH0iDL81BAEtn3hQkWg="></latexit><latexit sha1_base64="LTFYG4lMmH0iDL81BAEtn3hQkWg="></latexit>

g = hdec(·; ◊ı
dec)

<latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit><latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit><latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit>

◊enc
<latexit sha1_base64="pp6NVu+q8OQsmCW4DHZxCBIUFFM="></latexit><latexit sha1_base64="pp6NVu+q8OQsmCW4DHZxCBIUFFM="></latexit><latexit sha1_base64="pp6NVu+q8OQsmCW4DHZxCBIUFFM="></latexit><latexit sha1_base64="pp6NVu+q8OQsmCW4DHZxCBIUFFM="></latexit>

◊dec
<latexit sha1_base64="qHaY3jbnxFPKFKMCY1BPa3RbUXg="></latexit><latexit sha1_base64="qHaY3jbnxFPKFKMCY1BPa3RbUXg="></latexit><latexit sha1_base64="qHaY3jbnxFPKFKMCY1BPa3RbUXg="></latexit><latexit sha1_base64="qHaY3jbnxFPKFKMCY1BPa3RbUXg="></latexit>

1. Training:	Solve	ODE	for																										and	collect	simula3on	data
2. Machine	learning:	Train	deep	convolu3onal	autoencoder
3. Reduc(on:	Solve	manifold	Galerkin	or	LSPG	for µ œ Dquery \ Dtraining

<latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="tRkVu21bdM4dDDYrs0VFg6nQOr0="></latexit><latexit sha1_base64="8dW8o2zOtY4MFtUp5Yw+WIlsS7k="></latexit><latexit sha1_base64="8dW8o2zOtY4MFtUp5Yw+WIlsS7k="></latexit><latexit sha1_base64="yap9hZdV1fbhz8J/tgRlp+WeW1c="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit>

µ œ Dtraining
<latexit sha1_base64="EJInwuEgu2Jchj6A7PvLSvSxPZU="></latexit><latexit sha1_base64="EJInwuEgu2Jchj6A7PvLSvSxPZU="></latexit><latexit sha1_base64="EJInwuEgu2Jchj6A7PvLSvSxPZU="></latexit><latexit sha1_base64="EJInwuEgu2Jchj6A7PvLSvSxPZU="></latexit>
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‣ 	Compute							by	approximately	solving
‣ 	Define	nonlinear	trial	manifold	by	sevng	
+ 	No	problem-specific	knowledge	required
+ 	Same	snapshot	data

Algorithm

�38

X(1) =X = = X̃(1)(◊)
<latexit sha1_base64="+gFvLcjhyd6wK8V+7pBV9vDwQiY="></latexit><latexit sha1_base64="+gFvLcjhyd6wK8V+7pBV9vDwQiY="></latexit><latexit sha1_base64="+gFvLcjhyd6wK8V+7pBV9vDwQiY="></latexit><latexit sha1_base64="+gFvLcjhyd6wK8V+7pBV9vDwQiY="></latexit>

minimize
◊

ÎX(1) ≠ X̃(1)(◊)ÎF
<latexit sha1_base64="+893vpJ7bOObKcSwkOk7YkxUTiM="></latexit><latexit sha1_base64="+893vpJ7bOObKcSwkOk7YkxUTiM="></latexit><latexit sha1_base64="+893vpJ7bOObKcSwkOk7YkxUTiM="></latexit><latexit sha1_base64="+893vpJ7bOObKcSwkOk7YkxUTiM="></latexit>

◊ı
<latexit sha1_base64="LTFYG4lMmH0iDL81BAEtn3hQkWg="></latexit><latexit sha1_base64="LTFYG4lMmH0iDL81BAEtn3hQkWg="></latexit><latexit sha1_base64="LTFYG4lMmH0iDL81BAEtn3hQkWg="></latexit><latexit sha1_base64="LTFYG4lMmH0iDL81BAEtn3hQkWg="></latexit>

g = hdec(·; ◊ı
dec)

<latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit><latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit><latexit sha1_base64="fTymmXiubqLiCgL9zBeOIX0BciQ="></latexit>

◊enc
<latexit sha1_base64="pp6NVu+q8OQsmCW4DHZxCBIUFFM="></latexit><latexit sha1_base64="pp6NVu+q8OQsmCW4DHZxCBIUFFM="></latexit><latexit sha1_base64="pp6NVu+q8OQsmCW4DHZxCBIUFFM="></latexit><latexit sha1_base64="pp6NVu+q8OQsmCW4DHZxCBIUFFM="></latexit>

◊dec
<latexit sha1_base64="qHaY3jbnxFPKFKMCY1BPa3RbUXg="></latexit><latexit sha1_base64="qHaY3jbnxFPKFKMCY1BPa3RbUXg="></latexit><latexit sha1_base64="qHaY3jbnxFPKFKMCY1BPa3RbUXg="></latexit><latexit sha1_base64="qHaY3jbnxFPKFKMCY1BPa3RbUXg="></latexit>

1. Training:	Solve	ODE	for																										and	collect	simula3on	data
2. Machine	learning:	Train	deep	convolu3onal	autoencoder
3. Reduc(on:	Solve	manifold	Galerkin	or	LSPG	for µ œ Dquery \ Dtraining

<latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="tRkVu21bdM4dDDYrs0VFg6nQOr0="></latexit><latexit sha1_base64="8dW8o2zOtY4MFtUp5Yw+WIlsS7k="></latexit><latexit sha1_base64="8dW8o2zOtY4MFtUp5Yw+WIlsS7k="></latexit><latexit sha1_base64="yap9hZdV1fbhz8J/tgRlp+WeW1c="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit><latexit sha1_base64="ADO0fmX/GLg39i1OyjhkmtKpOcE="></latexit>

µ œ Dtraining
<latexit sha1_base64="EJInwuEgu2Jchj6A7PvLSvSxPZU="></latexit><latexit sha1_base64="EJInwuEgu2Jchj6A7PvLSvSxPZU="></latexit><latexit sha1_base64="EJInwuEgu2Jchj6A7PvLSvSxPZU="></latexit><latexit sha1_base64="EJInwuEgu2Jchj6A7PvLSvSxPZU="></latexit>
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‣ 					:				,	inlet	boundary	condi3on	
‣ Spa(al	discre(za(on:	finite	volume	
‣ Time	integrator:	backward	Euler	

Numerical results

�39

1D Burgers’ equation 2D Chemically reacting flow

@w(x , t;µ)

@t
+

@f (w(x , t;µ))

@x
= 0.02e↵x
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@w(~x , t;µ)

@t
= r · (rw(~x , t;µ))

� v ·rw(~x , t;µ) + q(w(~x , t;µ);µ)
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‣ 					:	two	terms	in	reac3on	
‣ Spa(al	discre(za(on:	finite	difference	
‣ Time	integrator:	BDF2
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Autoencoder architecture
Input

x

Restrict
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Reshape +

Transform

Layer 1

Layer nconv

Layer nconv + 1

Layer nconv + nfull

Encoder henc(x;✓enc)

Convolution layers Fully-connected layers

Code x̂

Layer 1

Layer nfull

Transform

+ Reshape
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Layer nfull + 1

Layer nfull + nconv

Fully-connected layers
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Output
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Results: nonlinear manifold interpretation

�40

1D Burgers’ equation 2D Chemically reacting flow
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Manifold LSPG outperforms optimal linear subspace

�41

1D Burgers’ equation
conserved	variable	

high-fidelity 
model

projection onto 
optimal linear 

subspace  
p=5

POD-LSPG 
p=5

Manifold LSPG 
p=5

2D Chemically reacting flow
temperature H2 fraction
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q
xœM Îx ≠ x̃LSPGÎ2
q

xœM ÎxÎ2
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Method overcomes Kolmogorov-width limitation

�42
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Method overcomes Kolmogorov-width limitation
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Our research

Accurate,	low-cost,	structure-preserving,	
reliable,	cer)fied	nonlinear	model	reduc)on

‣ accuracy:	LSPG	projec3on	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	An3l,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	Cor3al,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
‣ [C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2019]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2017]	

‣ robustness:	projec3on	onto	nonlinear	manifolds	[Lee,	C.,	2018]	
‣ robustness:	h-adap3vity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	
‣ [Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2019;	Pagani,	Manzoni,	C.,	2019]

 43
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Model reduction can work well…

�44

vor(city	field pressure	field

LSPG	ROM	with	

32	min,	2	cores

+229x	savings	in	core–hours	
+<	1%	error	in	(me-averaged	drag

A = (P�r)
+P

high-fidelity	
5	hours,	48	cores

…	however,	this	is	not	guaranteed
x(t) ⇡ x̃(t) = �x̂(t)x(t) ⇡ x̃(t) = �

1) Linear-subspace	assump)on	is	strong
2) Accuracy	limited	by	informa)on	inx(t) ⇡ x̃(t) = �
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Illustration: inviscid 1D Burgers’ equation

�45

0 50 100 150 200 250

spatial variable

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

co
ns
er
ve
d 
va
ri
ab
le

0 50 100 150 200 250

spatial variable

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

co
ns
er
ve
d 
va
ri
ab
le

0 50 100 150 200 250

spatial variable

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

co
ns
er
ve
d 
va
ri
ab
le

spa(al	variable

spa(al	variable

co
ns
er
ve
d	
va
ria

bl
e

co
ns
er
ve
d	
va
ria

bl
e

x(t) ⇡ x̃(t) = �

high-fidelity	model



/38

Kevin	CarlbergNonlinear	reduced-order	modeling

Illustration: inviscid 1D Burgers’ equation
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Main idea [C., 2015]

�47

Model-reduc)on	analogue	to	mesh-adap)ve	h-refinement

Ingredient 3: Error indicators

1 Adaptive algorithm

2 Refinement

finite element h-refinement ROM h-refinement

3 Error indicators: a) dual solve (coarse), b) prolongation (fine)

dual solve prolongation dual solve prolongation

finite element h-refinement ROM h-refinement

Nonlinear model reduction Kevin Carlberg 54
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finite-element	
h-refinement reduced-order-model	

h-refinement

‣ ‘Split’	basis	vectors

‣ Generate	hierarchical	subspaces
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Nonlinear model reduction Kevin Carlberg 54

range range (( ( (✓

‣ Converges	to	the	high-fidelity	model

Main idea
ROM analog to mesh-adaptive h-refinement

‘Split’ basis vectors

finite element h-refinement ROM h-refinement
Generate hierarchical subspaces

ROM converges to the FOM

Nonlinear model reduction Kevin Carlberg 44



/38

Kevin	CarlbergNonlinear	reduced-order	modeling

Illustration: inviscid 1D Burgers’ equation

�48

high-fidelity	model

h-adap)ve	ROM	(mean	dim	48.5)reduced-order	model	(dim	50)

+ no	longer	limited	
by	training	data
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Our research

Accurate,	low-cost,	structure-preserving,	
reliable,	cer)fied	nonlinear	model	reduc)on

‣ accuracy:	LSPG	projec3on	[C.,	Bou-Mosleh,	Farhat,	2011;	C.,	Barone,	An3l,	2017]	

‣ low	cost:	sample	mesh	[C.,	Farhat,	Cor3al,	Amsallem,	2013]	

‣ low	cost:	reduce	temporal	complexity	
‣ [C.,	Ray,	van	Bloemen	Waanders,	2015;	C.,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	C.,	2019]	

‣ structure	preserva(on	[C.,	Tuminaro,	Boggs,	2015;	Peng	and	C.,	2017;	C.,	Choi,	Sargsyan,	2017]	

‣ robustness:	projec3on	onto	nonlinear	manifolds	[Lee,	C.,	2018]	
‣ robustness:	h-adap3vity	[C.,	2015]	
‣ cer(fica(on:	machine	learning	error	models	

[Drohmann	and	C.,	2015;	Trehan,	C.,	Durlofsky,	2017;	Freno	and	C.,	2019;	Pagani,	Manzoni,	C.,	2019]

 49

Brian	Freno
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Discrete-time error bound 
Theorem	[C.,	Barone,	An3l,	2017]

If	the	following	condi3ons	hold:	
1.													is	Lipschitz	con3nuous	with	Lipschitz	constant	
2.	The	3me	step								is	small	enough	such	that																																											,	
3.	A	backward	differen3a3on	formula	(BDF)	3me	integrator	is	used,	
4.	LSPG	employs												,	then	

f(·; t) 

0 < h := |↵0|� |�0|�t�t

A = I

Can	we	use	these	error	bounds	for	error	es)ma)on?

kxn ��x̂nGk2 
�1(�2)n exp(�3tn)

�4 + �5�t
max

j2{1,...,N}
krjG(�x̂jG)k2

kxn ��x̂nLSPGk2 
�1(�2)n exp(�3tn)

�4 + �5�t
max

j2{1,...,N}
min
v̂

krjLSPG(�v̂)k2

- grow	exponen3ally	in	3me

- determinis3c:	not	amenable	to	uncertainty	quan3fica3on

�50
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Main idea

 51

Key observation
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ROMs generate error indicators that

correlate with the error

ROMES Kevin Carlberg, Martin Drohmann 7 / 22

Idea:	Apply	machine	learning	regression	to	generate	a	mapping	from		
residual-based	quan((es	to	a	random	variable	for	the	error

Machine-learning	error	models

‣ Observa6on:	residual-based	quan33es	are	informa3ve	of	the	error

‣ So,	these	are	good	features:	can	predict	the	error	with	low	variance
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Machine-learning error models: formulation

 52

‣ features:		
‣ regression	func3on:		
‣ noise:		

fl(µ) œ RNfl
<latexit sha1_base64="XFBEAgpEvUDe2QD2K2Fsf+GBjBo="></latexit><latexit sha1_base64="XFBEAgpEvUDe2QD2K2Fsf+GBjBo="></latexit><latexit sha1_base64="XFBEAgpEvUDe2QD2K2Fsf+GBjBo="></latexit><latexit sha1_base64="XFBEAgpEvUDe2QD2K2Fsf+GBjBo="></latexit>

‘(fl)
<latexit sha1_base64="04MeztDEix0T257ScwTTF7cL2A0="></latexit><latexit sha1_base64="04MeztDEix0T257ScwTTF7cL2A0="></latexit><latexit sha1_base64="04MeztDEix0T257ScwTTF7cL2A0="></latexit><latexit sha1_base64="04MeztDEix0T257ScwTTF7cL2A0="></latexit>

”(µ) = f(fl(µ))¸ ˚˙ ˝
deterministic

+ ‘(fl(µ))¸ ˚˙ ˝
stochastic

<latexit sha1_base64="QeA/IRV43eQBeSyQq50pSBRI7Xs="></latexit><latexit sha1_base64="QeA/IRV43eQBeSyQq50pSBRI7Xs="></latexit><latexit sha1_base64="QeA/IRV43eQBeSyQq50pSBRI7Xs="></latexit><latexit sha1_base64="QeA/IRV43eQBeSyQq50pSBRI7Xs="></latexit>

f(fl) = E[” | fl]
<latexit sha1_base64="0bLzeycmdaBFc1feZw7k+ZGI2EA="></latexit><latexit sha1_base64="0bLzeycmdaBFc1feZw7k+ZGI2EA="></latexit><latexit sha1_base64="0bLzeycmdaBFc1feZw7k+ZGI2EA="></latexit><latexit sha1_base64="0bLzeycmdaBFc1feZw7k+ZGI2EA="></latexit>

‣ Desired	proper3es	in	error	model	
1.	cheaply	computable:	features											are	inexpensive	to	compute	
2.	low	variance:	noise	model										has	low	variance	
3.	generalizable:	empirical	distribu3ons	of					and						‘close’	on	test	data

fl(µ)
<latexit sha1_base64="sLFF+KZEclYaGCxnjBtAJmT5EtI="></latexit><latexit sha1_base64="sLFF+KZEclYaGCxnjBtAJmT5EtI="></latexit><latexit sha1_base64="sLFF+KZEclYaGCxnjBtAJmT5EtI="></latexit><latexit sha1_base64="sLFF+KZEclYaGCxnjBtAJmT5EtI="></latexit>

‘̃(fl)
<latexit sha1_base64="ycdvozGHGaTyUbLIUI5db4KB6Kw="></latexit><latexit sha1_base64="ycdvozGHGaTyUbLIUI5db4KB6Kw="></latexit><latexit sha1_base64="ycdvozGHGaTyUbLIUI5db4KB6Kw="></latexit><latexit sha1_base64="ycdvozGHGaTyUbLIUI5db4KB6Kw="></latexit>

”
<latexit sha1_base64="twKki7gowhzsMaOwiT4MB4uYXR0="></latexit><latexit sha1_base64="twKki7gowhzsMaOwiT4MB4uYXR0="></latexit><latexit sha1_base64="twKki7gowhzsMaOwiT4MB4uYXR0="></latexit><latexit sha1_base64="twKki7gowhzsMaOwiT4MB4uYXR0="></latexit>

”̃
<latexit sha1_base64="Xg7Egk23VqWfbiT5vlfTSinJfYE="></latexit><latexit sha1_base64="Xg7Egk23VqWfbiT5vlfTSinJfYE="></latexit><latexit sha1_base64="Xg7Egk23VqWfbiT5vlfTSinJfYE="></latexit><latexit sha1_base64="Xg7Egk23VqWfbiT5vlfTSinJfYE="></latexit>

”̃
<latexit sha1_base64="Xg7Egk23VqWfbiT5vlfTSinJfYE="></latexit><latexit sha1_base64="Xg7Egk23VqWfbiT5vlfTSinJfYE="></latexit><latexit sha1_base64="Xg7Egk23VqWfbiT5vlfTSinJfYE="></latexit><latexit sha1_base64="Xg7Egk23VqWfbiT5vlfTSinJfYE="></latexit>

‣ regression-func3on	model:		
‣ noise	model:

f̃(¥ f)
<latexit sha1_base64="FlmqFxMF2EsPWoOv0i6Tc2K9o7Q="></latexit><latexit sha1_base64="FlmqFxMF2EsPWoOv0i6Tc2K9o7Q="></latexit><latexit sha1_base64="FlmqFxMF2EsPWoOv0i6Tc2K9o7Q="></latexit><latexit sha1_base64="FlmqFxMF2EsPWoOv0i6Tc2K9o7Q="></latexit>

”̃(µ) = f̃(fl(µ))¸ ˚˙ ˝
deterministic

+ ‘̃(fl(µ))¸ ˚˙ ˝
stochastic

<latexit sha1_base64="jbJydsaLe7lxWc/E/DpP0AwKOq8="></latexit><latexit sha1_base64="jbJydsaLe7lxWc/E/DpP0AwKOq8="></latexit><latexit sha1_base64="jbJydsaLe7lxWc/E/DpP0AwKOq8="></latexit><latexit sha1_base64="jbJydsaLe7lxWc/E/DpP0AwKOq8="></latexit>

‘̃(¥ ‘)
<latexit sha1_base64="IfB5ewbkB4LGorKIJqRpnZ6U+j8="></latexit><latexit sha1_base64="i/iR2gBTyTCzB47MLpdBvXmACc8="></latexit><latexit sha1_base64="i/iR2gBTyTCzB47MLpdBvXmACc8="></latexit><latexit sha1_base64="Q3WTQV8VFLvCGuUugM4v6vdkcSA="></latexit>
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Training and machine learning: error modeling
1. Training:	Solve	high-fidelity	and	reduced-order	models	for																							µ 2 Dtraining

qnHFM � qnROM ⇢n

qROM

qHFM

2. Machine	learning:	Construct	regression	model
3. Reduc(on:	predict	reduced-order-model	error	for µ 2 Dquery \ Dtraining

D

�53
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Training and machine learning: error modeling
1. Training:	Solve	high-fidelity	and	reduced-order	models	for																							µ 2 Dtraining

qnHFM � qnROM ⇢n

qROM

qHFM

2. Machine	learning:	Construct	regression	model
3. Reduc(on:	predict	reduced-order-model	error	for µ 2 Dquery \ Dtraining

D

�53

‣ randomly	divide	data	into	(1)	training	data	and	(2)	tes3ng	data	
‣ construct	regression-func3on	model					via	cross	valida3on	on	training	data	
‣ construct	noise	model					from	sample	variance	on	test	data	

f̃
<latexit sha1_base64="jbsW6mFUFE0K7XzSVD/Nw8TKW8k="></latexit><latexit sha1_base64="jbsW6mFUFE0K7XzSVD/Nw8TKW8k="></latexit><latexit sha1_base64="jbsW6mFUFE0K7XzSVD/Nw8TKW8k="></latexit><latexit sha1_base64="jbsW6mFUFE0K7XzSVD/Nw8TKW8k="></latexit>

‘̃
<latexit sha1_base64="wfBVGipD1kXJesU9LQWg9eIMF2w="></latexit><latexit sha1_base64="wfBVGipD1kXJesU9LQWg9eIMF2w="></latexit><latexit sha1_base64="wfBVGipD1kXJesU9LQWg9eIMF2w="></latexit><latexit sha1_base64="wfBVGipD1kXJesU9LQWg9eIMF2w="></latexit>
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Reduction

�54

1. Training:	Solve	high-fidelity	and	reduced-order	models	for																							
2. Machine	learning:	Construct	regression	model
3. Reduc(on:	predict	reduced-order-model	error	for

µ 2 Dtraining

µ 2 Dquery \ Dtraining

D
outputsinputs µ reduced-order	model qnROM, n = 1, ... ,N

n = 1, ... ,T

features n = 1, ... ,Tfln,
<latexit sha1_base64="NgAcqt1ci+YS4aSc87NzXHd+Mg4="></latexit><latexit sha1_base64="NgAcqt1ci+YS4aSc87NzXHd+Mg4="></latexit><latexit sha1_base64="NgAcqt1ci+YS4aSc87NzXHd+Mg4="></latexit><latexit sha1_base64="NgAcqt1ci+YS4aSc87NzXHd+Mg4="></latexit>

regression	model
”̃n(µ) = f̃(fln(µ)) + ‘̃(fln(µ))

<latexit sha1_base64="UyhFTAHItdBYA0QhjYADjA5R0AY="></latexit><latexit sha1_base64="UyhFTAHItdBYA0QhjYADjA5R0AY="></latexit><latexit sha1_base64="UyhFTAHItdBYA0QhjYADjA5R0AY="></latexit><latexit sha1_base64="UyhFTAHItdBYA0QhjYADjA5R0AY="></latexit>

machine	learning	
error	model ”̃n,

<latexit sha1_base64="jqPkj2yZMEYyYUKNWVbSr8IQIuw="></latexit><latexit sha1_base64="jqPkj2yZMEYyYUKNWVbSr8IQIuw="></latexit><latexit sha1_base64="jqPkj2yZMEYyYUKNWVbSr8IQIuw="></latexit><latexit sha1_base64="jqPkj2yZMEYyYUKNWVbSr8IQIuw="></latexit>

n = 1, ... ,T

q̃n
HFM

(µ)¸ ˚˙ ˝
stochastic

= qnROM(µ)¸ ˚˙ ˝
deterministic

+ ”̃n(µ)¸ ˚˙ ˝
stochastic

<latexit sha1_base64="HBQJ6avd4iKFr0UK6rKiDOo2Z1g="></latexit><latexit sha1_base64="HBQJ6avd4iKFr0UK6rKiDOo2Z1g="></latexit><latexit sha1_base64="HBQJ6avd4iKFr0UK6rKiDOo2Z1g="></latexit><latexit sha1_base64="HBQJ6avd4iKFr0UK6rKiDOo2Z1g="></latexit>

+ Sta(s(cal	model	of	high-fidelity-model	output
Use	error	analysis	to	engineer	features ⇢n
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Application: Predictive capability assessment project

 55

x

y

z

0.000

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0.009

0.010

0.011

Deformation
Magnitude [m]

AB

‣ high-fidelity	model	dimension:	
‣ reduced-order	model	dimensions:	
‣ inputs				:	elas3c	modulus,	Poisson	ra3o,	applied	pressure	
‣ quan((es	of	interest:	y-displacement	at	A,	radial	displacement	at	B	
‣ training	data:	150	training	examples,	150	tes3ng	examples

µ

2.8⇥ 105

1, ... , 5
<latexit sha1_base64="EzhCuj0Dot+YWL6K4S/CVctu3A4="></latexit><latexit sha1_base64="EzhCuj0Dot+YWL6K4S/CVctu3A4="></latexit><latexit sha1_base64="EzhCuj0Dot+YWL6K4S/CVctu3A4="></latexit><latexit sha1_base64="EzhCuj0Dot+YWL6K4S/CVctu3A4="></latexit>



/38

Kevin	CarlbergNonlinear	reduced-order	modeling

kr
k 2

[µ
;
kr

k 2
]

[µ
;
P

r]
(n

r
=

10
)

[µ
;
r̂ g

]
(n

r
=

10
)

[µ
;
P

r]
(n

r
=

10
0)

[µ
;
r̂ g

]
(n

r
=

10
0)

[µ
;
P

r]
(n

r
=

10
00

)

[µ
;
r̂ g

]
(n

r
=

10
00

)

[µ
;
r̂] µ

ANN

k-NN

RF

SVR: RBF

SVR: Linear

OLS: Quadratic

OLS: Linear

�5

�4

�3

�2

�1

0

�̂uy : log10 FVU

Application: Predictive capability assessment project

 56

Introduction Parameterized Nonlinear Equations Approach Experiments Summary

PCAP: FVU for QoI Error Prediction
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Fraction of variance unexplained (FVU) is 1 � r2 (r2 is coe�cient of determination)

• SVR: RBF and MLP perform the best

• [µ; r̂g] and [µ; Pr] well with only q = 100 samples (compared to Nu = 278, 301)

Freno & Carlberg Machine-Learning Error Models for Approximate Solutions 44
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PCAP: FVU for QoI Error Prediction
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Freno & Carlberg Machine-Learning Error Models for Approximate Solutions 44
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- parameters	(model-discrepancy	approach):	large	variance
- small	number	of	low-quality	features:	large	variance
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PCAP: FVU for QoI Error Prediction
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- parameters	(model-discrepancy	approach):	large	variance
- small	number	of	low-quality	features:	large	variance
‣ PCA	of	the	residual:	lowest	variance	overall	but	costly
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PCAP: FVU for QoI Error Prediction
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- parameters	(model-discrepancy	approach):	large	variance
- small	number	of	low-quality	features:	large	variance
‣ PCA	of	the	residual:	lowest	variance	overall	but	costly
+ gappy	PCA	of	the	residual:	nearly	as	low	variance,	but	much	cheaper
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PCAP: FVU for QoI Error Prediction
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• [µ; r̂g] and [µ; Pr] well with only q = 100 samples (compared to Nu = 278, 301)
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- parameters	(model-discrepancy	approach):	large	variance
- small	number	of	low-quality	features:	large	variance
‣ PCA	of	the	residual:	lowest	variance	overall	but	costly
+ gappy	PCA	of	the	residual:	nearly	as	low	variance,	but	much	cheaper
+neural	networks	and	SVR:	RBF	yield	lowest-variance	models
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Our research
‣ accuracy:	LSPG	projec3on	

K.	Carlberg,	M.	Barone,	and	H.	An3l.	“Galerkin	v.	least-squares	Petrov–Galerkin	projec3on	in	nonlinear	model	reduc3on,”	Journal	
of	Computa3onal	Physics,	Vol.	330,	p.	693–734	(2017).	

‣ low	cost:	sample	mesh	

K.	Carlberg,	C.	Farhat,	J.	Cor3al,	and	D.	Amsallam.	“The	GNAT	method	for	nonlinear	model	reduc3on:	Effec3ve	implementa3on	
and	applica3on	to	computa3onal	fluid	dynamics	and	turbulent	flows,”	Journal	of	Computa3onal	Physics,	Vol.	242,	p.	623–647	
(2013).	

‣ low	cost:	reduce	temporal	complexity	
Y.	Choi	and	K.	Carlberg.	“Space–3me	least-squares	Petrov–Galerkin	projec3on	for	nonlinear	model	reduc3on,”	SIAM	Journal	on	
Scien3fic	Compu3ng,	Vol.	41,	No.	1,	p.	A26–A58	(2019).		

‣ structure	preserva(on	

K.	Carlberg,	Y.	Choi,	and	S.	Sargsyan.	"Conserva3ve	model	reduc3on	for	finite-volume	models,"	Journal	of	Computa3onal	Physics,	
Vol.	371,	p.	280–314	(2018).	

‣ robustness:	projec3on	onto	nonlinear	manifolds	
K.	Lee	and	K.	Carlberg.	“Model	reduc3on	of	dynamical	systems	on	nonlinear	manifolds	using	deep	convolu3onal	autoencoders,”	
arXiv	e-Print,	1812.08373	(2018).		

‣ robustness:	h-adap3vity	
K.	Carlberg.	“Adap3ve	h-refinement	for	reduced-order	models,”	Interna3onal	Journal	for	Numerical	Methods	in	Engineering,	Vol.	
102,	No.	5,	p.1192–1210	(2015).	

‣ cer(fica(on:	machine	learning	error	models	
B.	Freno	and	K.	Carlberg.	“Machine-learning	error	models	for	approximate	solu3ons	to	parameterized	systems	of	nonlinear	
equa3ons,”	Computer	Methods	in	Applied	Mechanics	and	Engineering,	accepted	(2019).
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Questions?

X ijk =
Ingredient 3: Error indicators

1 Adaptive algorithm

2 Refinement

finite element h-refinement ROM h-refinement

3 Error indicators: a) dual solve (coarse), b) prolongation (fine)

dual solve prolongation dual solve prolongation

finite element h-refinement ROM h-refinement

Nonlinear model reduction Kevin Carlberg 54

µ reduced-order	model

⇢n, n = 1, ... ,N

regression	model

qnROM, n = 1, ... ,N

�̂n ⇡ qnHFM � qnROM, n = 1, ... ,N

wall	Dme

error
error	

tolerance

Example 2: ML and GP, stationary problem [Freno and C, 2017]

x
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z

Figure 24: PCAP: Mesh with boundary conditions and nodes of interest: red denotes pressure (Neumann boundary
condition), blue denotes blue denotes planar constraint (Dirichlet boundary condition), orange denotes nodes of
interest
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Figure 25: PCAP: Largest simulated deformation (right) compared to undeformed state (left)

39

Predictive Capability Assessment Project (PCAP)

Mechanical response

2.8 ⇥ 105 degrees of freedom

Inputs: µ 2 [50 GPa, 100 GPa] ⇥ [0.2, 0.35] define tube
elastic modulus and Poisson ratio

QoI: displacement of node of interest (orange)

ROM: POD–Galerkin with |DROM| = 8

ROMES: 150 data points (|DROMES| = 30 and five ROM
basis dimensions)

Reducing nonlinear dynamical systems Kevin Carlberg 34
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⌦j
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⌦

Sandia	Na(onal	Laboratories	is	a	mul(mission	laboratory	managed	and	operated	by	Na(onal	Technology	
and	Engineering	Solu(ons	of	Sandia,	LLC.,	a	wholly	owned	subsidiary	of	Honeywell	Interna(onal,	Inc.,	for	
the	U.S.	Department	of	Energy's	Na(onal	Nuclear	Security	Administra(on	under	contract	DE-NA0003525

Questions?


